
 

 

 

MODULE-III:  

Asymptotic Notations, 

 Dynamic Programming (LCS, 

 Floyd-Warshall Algorithm,  

Matrix Chain Multiplication),  

 

Greedy Algorithm (Single Source Shortest Path,  

Knapsack problem,  

Minimum Cost Spanning Trees), 

 

 Geometric Algorithm (Convex hulls,  

Segment Intersections,  

Closest Pair),  

 

Internet Algorithm (Tries,  

Ukonnen’s Algorithm,  

Text pattern matching),  

 

Numerical Algorithm (Integer,  

Matrix and Polynomial multiplication,  

Extended Euclid’s algorithm)  

 

 

MODULE-IV:  

Polynomial Time,  

Polynomial-Time Verification,  

NP Completeness & reducibility,  

NP Completeness proofs, 

 Cook’s theorem 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

Asymptotic Notations 
Why performance analysis? 

There are many important things that should be taken care of, like user friendliness, modularity, security, 

maintainability, etc. Why to worry about performance? 

 

The answer to this is simple, we can have all the above things only if we have performance. So performance is like 

currency through which we can buy all the above things. Another reason for studying performance is – speed is fun! 

To summarize, performance == scale. Imagine a text editor that can load 1000 pages, but can spell check 1 page per 

minute OR an image editor that takes 1 hour to rotate your image 90 degrees left OR … you get it. If a software 

feature can not cope with the scale of tasks users need to perform – it is as good as dead. 

 

Gi en t!o al"orithms for a tas#, ho! %o !e fin% o&t !hich one is 'etter? 

One naive way of doing this is – implement both the algorithms and run the two programs on your computer for 

different inputs and see which one takes less time. There are many problems with this approach for analysis of 

algorithms. 

1) It might be possible that for some inputs, first algorithm performs better than the second. And for some inputs 

second performs better. 

2) It might also be possible that for some inputs, first algorithm perform better on one machine and the second 

works better on other machine for some other inputs. 

 

Asymptotic Analysis is the big idea that handles above issues in analyzing algorithms. In Asymptotic Analysis, we 

evaluate the performance of an algorithm in terms of input size (we don’t measure the actual running time). We 

calculate, how does the time (or space) taken by an algorithm increases with the input size. 

 

For example, let us consider the search problem (searching a given item) in a sorted array. One way to search is 

Linear Search (order of growth is linear) and other way is Binary Search (order of growth is logarithmic). To 

understand how Asymptotic Analysis solves the above mentioned problems in analyzing algorithms, let us say we 

run the Linear Search on a fast computer and Binary Search on a slow computer. For small values of input array size 

n, the fast computer may take less time. But, after certain value of input array size, the Binary Search will definitely 

start taking less time compared to the Linear Search even though the Binary Search is being run on a slow machine. 

The reason is the order of growth of Binary Search with respect to input size logarithmic while the order of growth of 

Linear Search is linear. So the machine dependent constants can always be ignored after certain values of input size. 

 

Why performance analysis? 

There are many important things that should be taken care of, like user friendliness, modularity, security, 

maintainability, etc. Why to worry about performance? 

The answer to this is simple, we can have all the above things only if we have performance. So performance is like 

currency through which we can buy all the above things. Another reason for studying performance is – speed is fun! 

To summarize, performance == scale. Imagine a text editor that can load 1000 pages, but can spell check 1 page per 

minute OR an image editor that takes 1 hour to rotate your image 90 degrees left OR … you get it. If a software 

feature can not cope with the scale of tasks users need to perform – it is as good as dead. 

 

Does Asymptotic Analysis al!ays !or#? 

Asymptotic Analysis is not perfect, but that’s the best way available for analyzing algorithms. For example, say there 

are two sorting algorithms that take 1000nLogn and 2nLogn time respectively on a machine. Both of these 

algorithms are asymptotically same (order of growth is nLogn). So, With Asymptotic Analysis, we can’t judge which 

one is better as we ignore constants in Asymptotic Analysis. 

 

Also, in Asymptotic analysis, we always talk about input sizes larger than a constant value. It might be possible that 

those large inputs are never given to your software and an algorithm which is asymptotically slower, always 

performs better for your particular situation. So, you may end up choosing an algorithm that is Asymptotically slower 

but faster for your software. 

 



 

 

Analysis of algorithm is the process of analyzing the problem

and size required (the size of memory for storage while implementation). However, the main concern of analysis of 

algorithms is the required time or performance. Generally, we perform the following types

• Worst-case − The maximum number of steps taken on any instance of size

• (est-case − The minimum number of steps taken on any instance of size

• A era"e case − An average number of steps taken on any instance of size

• Amorti)e% − A sequence of operations applied to the input of size

 

we will take an example of Linear Search and analyze it using Asymptotic analysis.

implementation of Linear Search. 

 

* +ython , implementation of the approa

* Linearly search - in arr./0 If - is present 

* then ret&rn the in%e-, other!ise ret&rn 

%ef search1arr, n, -2:  

 i 3 4 

 for i in ran"e1i, n2:  

  if 1arr.i/ 33 -2:  

   ret&rn i  

 ret&rn -5 

 

* Dri er 6o%e  

arr 3 .5, 54, ,4, 57/  

- 3 ,4 

n 3 len1arr2  

print1-, 8is present at in%e-8, search1arr, n, -22

 

O&tp&t: 

30 is present at index 2 

 

Worst 6ase Analysis 1Us&ally Done2 

In the worst case analysis, we calculate upper bound on running time of an algorithm. We must know the case that 

causes maximum number of operations to be executed. For Linear Search, the worst case happens when the 

element to be searched (x in the above code) is not present in the array. When x is not present, the search() 

functions compares it with all the elements of arr[] one by one

search would be Θ(n). 

 

A era"e 6ase Analysis 19ometimes %one2

In average case analysis, we take all possible inputs and calculate computing time for all of the inputs. Sum all the 

calculated values and divide the sum by total number of inputs. We must know (or predict) distribution of cases. For 

the linear search problem, let us assume that all cases are

present in array). So we sum all the cases a

complexity. 

 

Average Case Time =  

 

                  =   

 

                  = Θ(n)  

 

(est 6ase Analysis 1(o"&s2 

In the best case analysis, we calculate lower bound on running time of an algorithm. We must know the case that 

causes minimum number of operations to be executed. In the linear search problem, the best

Analysis of algorithm is the process of analyzing the problem-solving capability of the algorithm in terms of the time 

and size required (the size of memory for storage while implementation). However, the main concern of analysis of 

algorithms is the required time or performance. Generally, we perform the following types

− The maximum number of steps taken on any instance of size a. 

− The minimum number of steps taken on any instance of size a. 

− An average number of steps taken on any instance of size a. 

nce of operations applied to the input of size a averaged over time.

we will take an example of Linear Search and analyze it using Asymptotic analysis. Let us consider the following 

* +ython , implementation of the approach  

* Linearly search - in arr./0 If - is present  

* then ret&rn the in%e-, other!ise ret&rn -5  

print1-, 8is present at in%e-8, search1arr, n, -22  

In the worst case analysis, we calculate upper bound on running time of an algorithm. We must know the case that 

r of operations to be executed. For Linear Search, the worst case happens when the 

element to be searched (x in the above code) is not present in the array. When x is not present, the search() 

functions compares it with all the elements of arr[] one by one. Therefore, the worst case time complexity of linear 

A era"e 6ase Analysis 19ometimes %one2 

In average case analysis, we take all possible inputs and calculate computing time for all of the inputs. Sum all the 

divide the sum by total number of inputs. We must know (or predict) distribution of cases. For 

the linear search problem, let us assume that all cases are uniformly distributed (including the case of x not being 

present in array). So we sum all the cases and divide the sum by (n+1). Following is the value of average case time 

In the best case analysis, we calculate lower bound on running time of an algorithm. We must know the case that 

causes minimum number of operations to be executed. In the linear search problem, the best

ing capability of the algorithm in terms of the time 

and size required (the size of memory for storage while implementation). However, the main concern of analysis of 

algorithms is the required time or performance. Generally, we perform the following types of analysis − 

averaged over time. 

Let us consider the following 

In the worst case analysis, we calculate upper bound on running time of an algorithm. We must know the case that 

r of operations to be executed. For Linear Search, the worst case happens when the 

element to be searched (x in the above code) is not present in the array. When x is not present, the search() 

. Therefore, the worst case time complexity of linear 

In average case analysis, we take all possible inputs and calculate computing time for all of the inputs. Sum all the 

divide the sum by total number of inputs. We must know (or predict) distribution of cases. For 

(including the case of x not being 

nd divide the sum by (n+1). Following is the value of average case time 

In the best case analysis, we calculate lower bound on running time of an algorithm. We must know the case that 

causes minimum number of operations to be executed. In the linear search problem, the best case occurs when x is 



 

 

present at the first location. The number of operations in the best case is constant (not dependent on n). So time 

complexity in the best case would be Θ(1) 

 

Most of the times, we do worst case analysis to analyze algorithms. In the worst analysis, we guarantee an upper 

bound on the running time of an algorithm which is good information. 

 

The average case analysis is not easy to do in most of the practical cases and it is rarely done. In the average case 

analysis, we must know (or predict) the mathematical distribution of all possible inputs. 

The Best Case analysis is bogus. Guaranteeing a lower bound on an algorithm doesn’t provide any information as in 

the worst case, an algorithm may take years to run. 

 

For some algorithms, all the cases are asymptotically same, i.e., there are no worst and best cases. For 

example, Merge Sort. Merge Sort does Θ(nLogn) operations in all cases. Most of the other sorting algorithms have 

worst and best cases. For example, in the typical implementation of Quick Sort (where pivot is chosen as a corner 

element), the worst occurs when the input array is already sorted and the best occur when the pivot elements 

always divide array in two halves. For insertion sort, the worst case occurs when the array is reverse sorted and the 

best case occurs when the array is sorted in the same order as output. 

 

Asymptotic Notations an% Apriori Analysis 
In designing of Algorithm, complexity analysis of an algorithm is an essential aspect. Mainly, algorithmic complexity 

is concerned about its performance, how fast or slow it works. 

 

The complexity of an algorithm describes the efficiency of the algorithm in terms of the amount of the memory 

required to process the data and the processing time. 

Complexity of an algorithm is analyzed in two perspectives: :ime and 9pace. 

 

:ime 6omple-ity 

It’s a function describing the amount of time required to run an algorithm in terms of the size of the input. "Time" 

can mean the number of memory accesses performed, the number of comparisons between integers, the number of 

times some inner loop is executed, or some other natural unit related to the amount of real time the algorithm will 

take. 

 

9pace 6omple-ity 

It’s a function describing the amount of memory an algorithm takes in terms of the size of input to the algorithm. We 

often speak of "extra" memory needed, not counting the memory needed to store the input itself. Again, we use 

natural (but fixed-length) units to measure this. 

Space complexity is sometimes ignored because the space used is minimal and/or obvious, however sometimes it 

becomes as important an issue as time. 

 

Asymptotic Notations 

Execution time of an algorithm depends on the instruction set, processor speed, disk I/O speed, etc. Hence, we 

estimate the efficiency of an algorithm asymptotically. 

 

Time function of an algorithm is represented by :1n2, where n is the input size. 

Different types of asymptotic notations are used to represent the complexity of an algorithm. Following asymptotic 

notations are used to calculate the running time complexity of an algorithm. 

• O − Big Oh 

• ; − Big omega 

• < − Big theta 

• o − LiKle Oh 

• = − LiKle omega 
 

 

 



 

 

(i" O Notation:  
The Big O notation defines an upper bound of an algorithm, it bounds a function only from above. For example, 

consider the case of Insertion Sort. It takes linear time in best case and quadratic time in worst case. We can safely 

say that the time complexity of Insertion sort is O(n^2). Note that O(n^2) also covers linear time. 

 

If we use Θ notation to represent time complexity of Insertion sort, we have to use two statements for best and 

worst cases: 

1. The worst case time complexity of Insertion Sort is Θ(n^2). 

2.  The best case time complexity of Insertion Sort is Θ(n). 

 

The (i" O notation is useful when we only have upper bound on time complexity of an algorithm. Many times we 

easily find an upper bound by simply looking at the algorithm. 

O1f1n22 3 > "1n2: there e-ist positi e constants c an% n4 s&ch that 4 ? f1n2 ? c@"1n2 for all n A3 n4B 
 

 
  Big Oh Notation, Ο     Omega Notation, Ω 

 

 

; Notation 
The notation Ω(n) is the formal way to express the lower bound of an algorithm's running time. It measures the best 

case time complexity or the best amount of time an algorithm can possibly take to complete. 

For example, for a function f(n) 

;1f1n22 C > "1n2 : there e-ists c A 4 an% n4 s&ch that 4 ? "1n2 ? c0f1n2 for all n A n40 B 
 

:heta Notation, < 

The notation θ(n) is the formal way to express both the lower bound and the upper bound of an algorithm's running 

time. It is represented as follows − 

<1f1n22 3 > g1n2 if an% only if g1n2 3  D1f1n22 an% g1n2 3 ;1f1n22 for all n A n40 B 
 

 
A simple way to get Theta notation of an expression is to drop low order terms and ignore leading constants. For 

example, consider the following expression. 



 

 

3n3 + 6n2 + 6000 = Θ(n3) 

Dropping lower order terms is always fine because there will always be a n0 after which Θ(n

Θn2) irrespective of the constants involved.

 

Little E 

(i"-D is used as a tight upper-bound on the growth of an algorithm’s effort (this effort is described by t

f(n)), even though, as written, it can also be a loose upper

upper-bound that cannot be tight. 

 

Definition : Let f(n) and g(n) be functions that map positive integers to positive real num

ο(g(n)) (or f(n) Ε ο(g(n))) if for any real constant c > 0, there exists an integer constant n0 ≥ 1 such that 0 ≤ f(n) < 

c*g(n). 

 

Its means little o() means loose &pper-'o&n%

 

In mathematical relation, 

f(n) = o(g(n)) means 

lim  f(n)/g(n) = 0 

n→∞ 

 

E-amples: 

 

Is Fn G H ∈∈∈∈ o1n
I
2? 

In order for that to be true, for any c, we have to be able to find an n0 that makes

f(n) < c * g(n) asymptotically true. 

 

lets took some example, If c = 100,we check the inequality is clearly true. I

a little more imagination, but we’ll be able to fi

appears to be correct. then check limits,

lim  f(n)/g(n) = lim  (7n + 8)/(n2) = lim  7/2n = 0 (l’hospital)

n→∞ n→∞ n→∞ 

hence 7n + 8 ∈ o(n2) 

 

Little = 
Definition : Let f(n) and g(n) be functions that map positive integers to positive real numbers. We say that f(n) is 

ω(g(n)) (or f(n) ∈ ω(g(n))) if for any real constant c > 0, there exists an integer constant n0 ≥ 1 

≥ 0 for every integer n ≥ n0. 

 

f(n) has a higher growth rate than g(n) so main difference between Big Omega (Ω) and little omega (ω) lies in their 

definitions.In the case of Big Omega f(n)=Ω(g(n)) and the bound is 0<=cg(n)<=f(n), 

true for 0<=c*g(n)<f(n). 

 

we use ω notation to denote a lower bound that

ο((f(n)). 

 

In mathematical relation, if f(n) ∈ ω(g(n)) then,

E-ample: 

+ro e that Jn G K ∈∈∈∈ =152L 

the little omega(ο) running time can be proven by applying limit formula given below.

if lim  f(n)/g(n) = ∞ then func^ons f(n) is 

n→∞ 

here,we have functions f(n)=4n+6 and g(n)=1  

and,also for any c we can get n0 for this inequality 0 <= c*g(n) < f(n), 0 <= c*1 < 4n+6

Hence proved. 

 

erms is always fine because there will always be a n0 after which Θ(n

) irrespective of the constants involved. 

bound on the growth of an algorithm’s effort (this effort is described by t

f(n)), even though, as written, it can also be a loose upper-bound. MLittle-EN 1E122 notation is used to describe an 

Definition : Let f(n) and g(n) be functions that map positive integers to positive real numbers. We say that f(n) is 

ο(g(n)) (or f(n) Ε ο(g(n))) if for any real constant c > 0, there exists an integer constant n0 ≥ 1 such that 0 ≤ f(n) < 

'o&n% of f(n). 

In order for that to be true, for any c, we have to be able to find an n0 that makes 

If c = 100,we check the inequality is clearly true. If c = 1/100 , we’ll have to use

a little more imagination, but we’ll be able to find an n0. (Try n0 = 1000.) From these examples, the co

then check limits, 

7/2n = 0 (l’hospital) 

Let f(n) and g(n) be functions that map positive integers to positive real numbers. We say that f(n) is 

ω(g(n))) if for any real constant c > 0, there exists an integer constant n0 ≥ 1 

f(n) has a higher growth rate than g(n) so main difference between Big Omega (Ω) and little omega (ω) lies in their 

definitions.In the case of Big Omega f(n)=Ω(g(n)) and the bound is 0<=cg(n)<=f(n), but in case of little omega, it is 

we use ω notation to denote a lower bound that is not asymptotically tight. and, f(n) ∈ ω(g(n)) if and only if g(n) 

ω(g(n)) then, lim  f1n2O"1n2 3 P nQP 

the little omega(ο) running time can be proven by applying limit formula given below. 

∞ then func^ons f(n) is ω(g(n)) 

functions f(n)=4n+6 and g(n)=1  lim   (4n+6)/(1) = ∞ n→∞ 

nd,also for any c we can get n0 for this inequality 0 <= c*g(n) < f(n), 0 <= c*1 < 4n+6 

erms is always fine because there will always be a n0 after which Θ(n
3
) has higher values than 

bound on the growth of an algorithm’s effort (this effort is described by the function 

notation is used to describe an 

bers. We say that f(n) is 

ο(g(n)) (or f(n) Ε ο(g(n))) if for any real constant c > 0, there exists an integer constant n0 ≥ 1 such that 0 ≤ f(n) < 

f c = 1/100 , we’ll have to use 

these examples, the conjecture 

Let f(n) and g(n) be functions that map positive integers to positive real numbers. We say that f(n) is 

ω(g(n))) if for any real constant c > 0, there exists an integer constant n0 ≥ 1 such that f(n) > c * g(n) 

f(n) has a higher growth rate than g(n) so main difference between Big Omega (Ω) and little omega (ω) lies in their 

but in case of little omega, it is 

ω(g(n)) if and only if g(n) ∈ 



 

 

Analysis of iterati e pro"rams 

O152: Time complexity of a function (or set of statements) is considered as O(1) if it doesn’t contain loop, recursion 

and call to any other non-constant time function. 

   // set of non-recursive and non-loop statements 

For example swap() function has O(1) time complexity. 

A loop or recursion that runs a constant number of times is also considered as O(1). For example the following loop 

is O(1). 

 

OO Rere c is a constant    

   for 1int i 3 5L i S3 cL iGG2 >   

        OO some O152 e-pressions 

   B 

 

O1n2: Time Complexity of a loop is considered as O(n) if the loop variables is incremented / decremented by a 

constant amount. For example following functions have O(n) time complexity. 

   OO Rere c is a positi e inte"er constant    

   for 1int i 3 5L i S3 nL i G3 c2 >   

        OO some O152 e-pressions 

   B 

   for 1int i 3 nL i A 4L i -3 c2 > 

        OO some O152 e-pressions 

   B 

 

O1n
c
2: Time complexity of nested loops is equal to the number of times the innermost statement is executed. For 

example the following sample loops have O(n2) time complexity 

   

   for 1int i 3 5L i S3nL i G3 c2 > 

       for 1int T 3 5L T S3nL T G3 c2 > 

          OO some O152 e-pressions 

       B 

   B 

   for 1int i 3 nL i A 4L i -3 c2 > 

       for 1int T 3 iG5L T S3nL T G3 c2 > 

          OO some O152 e-pressions 

   B 

For example Selection sort and Insertion Sort have O(n2) time complexity. 

 

O1Lo"n2 Time Complexity of a loop is considered as O(Logn) if the loop variables is divided / multiplied by a constant 

amount. 

   

 for 1int i 3 5L i S3nL i @3 c2 > 

       OO some O152 e-pressions 

   B 

   for 1int i 3 nL i A 4L i O3 c2 > 

       OO some O152 e-pressions 

   B 

For example Binary Search(refer iterative implementation) has O(Logn) time complexity. Let us see mathematically 

how it is O(Log n). The series that we get in first loop is 1, c, c2, c3, … ck. If we put k equals to Logcn, we get 

cLog
cn which is n. 

 

O1Lo"Lo"n2 Time Complexity of a loop is considered as O(LogLogn) if the loop variables is reduced / increased 

exponentially by a constant amount. 

   OO Rere c is a constant "reater than 5    

   for 1int i 3 IL i S3nL i 3 po!1i, c22 >  

       OO some O152 e-pressions 



 

 

   B 

   OORere f&n is sUrt or c&'eroot or any other constant root 

   for 1int i 3 nL i A 5L i 3 f&n1i22 >  

       OO some O152 e-pressions 

   B 

 

 

O152 S O1lo" n2 S O 1n2 S O1n lo" n2 S O1nVI2 S O 1nV,2S O1IVn2 S O1nW2 

 

 
Apriori an% Apostiari Analysis 

Apriori analysis means, analysis is performed prior to running it on a specific system. This analysis is a stage where a 

function is defined using some theoretical model. Hence, we determine the time and space complexity of an 

algorithm by just looking at the algorithm rather than running it on a particular system with a different memory, 

processor, and compiler. 

 

Apostiari analysis of an algorithm means we perform analysis of an algorithm only after running it on a system. It 

directly depends on the system and changes from system to system. 

In an industry, we cannot perform Apostiari analysis as the software is generally made for an anonymous user, which 

runs it on a system different from those present in the industry. 

In Apriori, it is the reason that we use asymptotic notations to determine time and space complexity as they change 

from computer to computer; however, asymptotically they are the same. 

 

Amorti)e% Analysis 

Amortized analysis is generally used for certain algorithms where a sequence of similar operations are performed. 

• Amortized analysis provides a bound on the actual cost of the entire sequence, instead of bounding the cost 

of sequence of operations separately. 

• Amortized analysis differs from average-case analysis; probability is not involved in amortized analysis. 

Amortized analysis guarantees the average performance of each operation in the worst case. 

It is not just a tool for analysis, it’s a way of thinking about the design, since designing and analysis are closely 

related. 

 

A""re"ate Metho% 

The aggregate method gives a global view of a problem. In this method, if n operations takes worst-case time T(n) in 

total. Then the amortized cost of each operation is T(n)/n. Though different operations may take different time, in 

this method varying cost is neglected. 

 

 

 

 



 

 

Acco&ntin" Metho% 

In this method, different charges are assigned to different operations according to their actual cost. If the amortized 

cost of an operation exceeds its actual cost, the difference is assigned to the object as credit. 

for later operations for which the amortized cost less than actual cost.

 

+otential Metho% 

This method represents the prepaid work as potential energy, instead of considering prepaid work as credit. This 

energy can be released to pay for future operations.

If we perform n operations starting with an initial data structure

data structure of ith operation. The potential function Ф maps to a real number Ф(

 

Dynamic :a'le 

If the allocated space for the table is not enough, we must copy the table into larger size table. Similarly, if large 

number of members are erased from the table, it is a good idea to reallocate the table with a smaller size.

Using amortized analysis, we can show that the amortized cost of insertion and deletion is constant and unused 

space in a dynamic table never exceeds a constant fraction of the total space.

 

What is the time comple-ity of n insertions &sin" the a'o e scheme?

If we use simple analysis, the worst case cost of an insertion is O(n). Therefore, worst case cost of n inserts is n * O(n) 

which is O(n2). This analysis gives an upper bound, but not a tight upper bound for n insertions as all insertions don’t 

take Θ(n) time. 

 

So using Amortized Analysis, we could prove that the Dynamic Table scheme has O(1) insertion time which is a great 

result used in hashing. 

In this method, different charges are assigned to different operations according to their actual cost. If the amortized 

cost of an operation exceeds its actual cost, the difference is assigned to the object as credit. 

for later operations for which the amortized cost less than actual cost. 

This method represents the prepaid work as potential energy, instead of considering prepaid work as credit. This 

ay for future operations. 

operations starting with an initial data structure D0. Let us consider, ci as the actual cost and

operation. The potential function Ф maps to a real number Ф(Di), the associated potentia

If the allocated space for the table is not enough, we must copy the table into larger size table. Similarly, if large 

number of members are erased from the table, it is a good idea to reallocate the table with a smaller size.

amortized analysis, we can show that the amortized cost of insertion and deletion is constant and unused 

space in a dynamic table never exceeds a constant fraction of the total space. 

 
What is the time comple-ity of n insertions &sin" the a'o e scheme? 

If we use simple analysis, the worst case cost of an insertion is O(n). Therefore, worst case cost of n inserts is n * O(n) 

). This analysis gives an upper bound, but not a tight upper bound for n insertions as all insertions don’t 

 

So using Amortized Analysis, we could prove that the Dynamic Table scheme has O(1) insertion time which is a great 

In this method, different charges are assigned to different operations according to their actual cost. If the amortized 

cost of an operation exceeds its actual cost, the difference is assigned to the object as credit. This credit helps to pay 

This method represents the prepaid work as potential energy, instead of considering prepaid work as credit. This 

as the actual cost and Di as 

), the associated potential of Di. 

If the allocated space for the table is not enough, we must copy the table into larger size table. Similarly, if large 

number of members are erased from the table, it is a good idea to reallocate the table with a smaller size. 

amortized analysis, we can show that the amortized cost of insertion and deletion is constant and unused 

If we use simple analysis, the worst case cost of an insertion is O(n). Therefore, worst case cost of n inserts is n * O(n) 

). This analysis gives an upper bound, but not a tight upper bound for n insertions as all insertions don’t 

So using Amortized Analysis, we could prove that the Dynamic Table scheme has O(1) insertion time which is a great 



 

 

 

Following are few important notes. 

52 Amortized cost of a sequence of operations can be seen as expenses of a salaried person. The average monthly 

expense of the person is less than or equal to the salary, but the person can spend more money in a particular 

month by buying a car or something. In other months, he or she saves money for the expensive month. 

I2 The above Amortized Analysis done for Dynamic Array example is called Aggregate Method. There are two more 

powerful ways to do Amortized analysis called Accounting Method and Potential Method. We will be discussing the 

other two methods in separate posts. 

,2 The amortized analysis doesn’t involve probability. There is also another different notion of average case running 

time where algorithms use randomization to make them faster and expected running time is faster than the worst 

case running time. These algorithms are analyzed using Randomized Analysis. Examples of these algorithms are 

Randomized Quick Sort, Quick Select and Hashing.  

 

What is 9pace 6omple-ity? 

• Space complexity is a function describing the amount of memory (space) an algorithm takes in terms of the 

amount of input to the algorithm. 

• We often speak of e-tra memory needed, not counting the memory needed to store the input itself. Again, 

we use natural (but fixed-length) units to measure this. 

• We can use bytes, but it's easier to use, say, the number of integers used, the number of fixed-sized 

structures, etc. 

• In the end, the function we come up with will be independent of the actual number of bytes needed to 

represent the unit. 

• Space complexity is sometimes ignored because the space used is minimal and/or obvious, however 

sometimes it becomes as important issue as time complexity 

 

Definition 

Let M be a deterministic :&rin" machine 1:M2 that halts on all inputs. The space complexity of M is the function $f 

\colon N \rightarrow N$, where f(n) is the maximum number of cells of tape and M scans any input of length M. If 

the space complexity of M is f(n), we can say that M runs in space f(n). 

We estimate the space complexity of Turing machine by using asymptotic notation. 

Let $f \colon N \rightarrow R^+$ be a function. The space complexity classes can be defined as follows − 

SPACE = {L | L i  a language decided by an O(f(n))  pace determini tic TM} 

SPACE = {L | L i  a language decided by an O(f(n))  pace non-determini tic TM} 

+9+A6E is the class of languages that are decidable in polynomial space on a deterministic Turing machine. 

In other words, PSPACE = () SPACE (n
)
) 

 

Dynamic +ro"rammin" 
Dynamic Programming is the most powerful design technique for solving optimization problems. 

Divide & Conquer algorithm partition the problem into disjoint sub problems solve the sub problems recursively and 

then combine their solution to solve the original problems. 

 

Dynamic Programming is used when the sub problems are not independent, e.g. when they share the same sub 

problems. In this case, divide and conquer may do more work than necessary, because it solves the same sub 

problem multiple times. 

 
Dynamic Programming solves each sub problems just once and stores the result in a table so that it can be 

repeatedly retrieved if needed again. 

Dynamic Programming is a Bottom-up approach- we solve all possible small problems and then combine to obtain 

solutions for bigger problems. 

 

Dynamic Programming is a paradigm of algorithm design in which an optimization problem is solved by a 

combination of achieving sub-problem solutions and appearing to the "principle of optimality". 

 

 



 

 

6haracteristics of Dynamic +ro"rammin": 

Dynamic Programming works when a problem has the following features:- 

o Optimal 9&'str&ct&re: If an optimal solution contains optimal sub solutions then a problem exhibits optimal 

substructure. 

o O erlappin" s&' pro'lems: When a recursive algorithm would visit the same sub problems repeatedly, then 

a problem has overlapping sub problems. 

 

If a problem has optimal substructure, then we can recursively define an optimal solution. If a problem has 

overlapping sub problems, then we can improve on a recursive implementation by computing each sub problem only 

once. 

 

If a problem doesn't have optimal substructure, there is no basis for defining a recursive algorithm to find the 

optimal solutions. If a problem doesn't have overlapping sub problems, we don't have anything to gain by using 

dynamic programming. 

 

If the space of sub problems is enough (i.e. polynomial in the size of the input), dynamic programming can be much 

more efficient than recursion. 

 

Elements of Dynamic +ro"rammin" 

There are basically three elements that characterize a dynamic programming algorithm:- 

1. 9&'str&ct&re: Decompose the given problem into smaller subproblems. Express the solution of the original 

problem in terms of the solution for smaller problems. 

2. :a'le 9tr&ct&re: After solving the sub-problems, store the results to the sub problems in a table. This is done 

because subproblem solutions are reused many times, and we do not want to repeatedly solve the same 

problem over and over again. 

3. (ottom-&p 6omp&tation: Using table, combine the solution of smaller subproblems to solve larger 

subproblems and eventually arrives at a solution to complete problem. 

 

Note: (ottom-&p means:- 

i. Start with smallest subproblems. 

ii. Combining their solutions obtain the solution to sub-problems of increasing size. 

iii. Until solving at the solution of the original problem. 

 

6omponents of Dynamic pro"rammin" 

1. 9ta"es: The problem can be divided into several subproblems, which are called stages. A stage is a small 

portion of a given problem. For example, in the shortest path problem, they were defined by the structure of 

the graph. 

2. 9tates: Each stage has several states associated with it. The states for the shortest path problem was the 

node reached. 

3. Decision: At each stage, there can be multiple choices out of which one of the best decisions should be 

taken. The decision taken at every stage should be optimal; this is called a stage decision. 

4. Optimal policy: It is a rule which determines the decision at each stage; a policy is called an optimal policy if 

it is globally optimal. This is known as Bellman principle of optimality. 

5. Given the current state, the optimal choices for each of the remaining states does not depend on the 

previous states or decisions. In the shortest path problem, it was not necessary to know how we got a node 

only that we did. 

6. There exist a recursive relationship that identify the optimal decisions for stage j, given that stage j+1, has 

already been solved. 

7. The final stage must be solved by itself. 

 

Applications of dynamic programming 

1. 0/1 knapsack problem 

2. Longest common subsequence (LCS) 

3. Floyd-Warshall Algorithm 

4. Matrix Chain Multiplication 



 

 

Lon"est common s&'seU&ence 1L692 

What is Lon"est 6ommon 9&'seU&ence:  

A longest subsequence is a sequence that appears in the same relative order, but not necessarily contiguous(not 

substring) in both the string. 

A subsequence of a given sequence is just the given sequence with some elements left out. 

Given two sequences X and Y, we say that the sequence Z is a common sequence of X and Y if Z is a subsequence of 

both X and Y. 

In the longest common subsequence problem, we are given two sequences X = (x1 x2....xm) and Y = (y1 y2 yn) and wish 

to find a maximum length common subsequence of X and Y. LCS Problem can be solved using dynamic programming. 

 

6haracteristics of Lon"est 6ommon 9eU&ence 

A brute-force approach we find all the subsequences of X and check each subsequence to see if it is also a 

subsequence of Y, this approach requires exponential time making it impractical for the long sequence. 

Given a sequence X = (x1 x2.....xm) we define the ith prefix of X for i=0, 1, and 2...m as Xi= (x1 x2.....xi). For example: if X 

= (A, B, C, B, C, A, B, C) then X4= (A, B, C, B) 

 

Optimal 9&'str&ct&re of an L69: 

 Let X = (x1 x2....xm) and Y = (y1 y2.....) yn) be the sequences and let Z = (z1 z2......zk) be any LCS of X and Y. 

o If xm = yn, then zk=x_m=yn and Zk-1 is an LCS of Xm-1and Yn-1 

o If xm ≠ yn, then zk≠ xm implies that Z is an LCS of Xm-1and Y. 

o If xm ≠ yn, then zk≠yn implies that Z is an LCS of X and Yn-1 

 

9tep I: Xec&rsi e 9ol&tion:  

LCS has overlapping subproblems property because to find LCS of X and Y, we may need to find the LCS of Xm-1 and 

Yn-1. If xm ≠ yn, then we must solve two subproblems finding an LCS of X and Yn-1.Whenever of these LCS's longer is an 

LCS of x and y. But each of these subproblems has the subproblems of finding the LCS of Xm-1 and Yn-1. 

Let c [i,j] be the length of LCS of the sequence Xiand Yj.If either i=0 and j =0, one of the sequences has length 0, so the 

LCS has length 0. The optimal substructure of the LCS problem given the recurrence formula 

 
 

9tep,: 6omp&tin" the len"th of an L69: let two sequences X = (x1 x2.....xm) and Y = (y1 y2..... yn) as inputs. It stores the 

c [i,j] values in the table c [0......m,0..........n].Table b [1..........m, 1..........n] is maintained which help us to construct an 

optimal solution. c [m, n] contains the length of an LCS of X,Y. 

 

 

L69 +ro'lem 9tatement: Given two sequences, find the length of longest subsequence present in both of them. A 

subsequence is a sequence that appears in the same relative order, but not necessarily contiguous. For example, 

“abc”, “abg”, “bdf”, “aeg”, ‘”acefg”, .. etc are subsequences of “abcdefg”. 

 

In order to find out the complexity of brute force approach, we need to first know the number of possible different 

subsequences of a string with length n, i.e., find the number of subsequences with lengths ranging from 1,2,..n-1. 

Recall from theory of permutation and combination that number of combinations with 1 element are nC1. Number of 

combinations with 2 elements are nC2 and so forth and so on. We know that nC0 + nC1 + nC2 + … nCn = 2n. So a string of 

length n has 2n-1 different possible subsequences since we do not consider the subsequence with length 0. This 

implies that the time complexity of the brute force approach will be O(n * 2n). Note that it takes O(n) time to check if 

a subsequence is common to both the strings. This time complexity can be improved using dynamic programming. 

 

It is a classic computer science problem, the basis of diff (a file comparison program that outputs the differences 

between two files), and has applications in bioinformatics. 

E-amples: 

LCS for input Sequences “ABCDGH” and “AEDFHR” is “ADH” of length 3. 

LCS for input Sequences “AGGTAB” and “GXTXAYB” is “GTAB” of length 4. 



 

 

The naive solution for this problem is to generate all subsequences of both given sequences and find th

matching subsequence. This solution is exponential in term of time complexity. Let us see how this problem 

possesses both important properties of a Dynamic Programming (DP) Problem.

 

52 Optimal 9&'str&ct&re: 

Let the input sequences be X[0..m-1] and Y[0..n

the length of LCS of the two sequences X and Y. Following is the recursive definition of L(X[0..m

If last characters of both sequences match (or X[m

L(X[0..m-1], Y[0..n-1]) = 1 + L(X[0..m-2], Y[0..n

If last characters of both sequences do not match (or X[m

L(X[0..m-1], Y[0..n-1]) = MAX ( L(X[0..m-2], Y[0..n

Examples: 

1) Consider the input strings “AGGTAB” and “GXTXAYB”. Last characters match for the strings. So l

be written as: L(“AGGTAB”, “GXTXAYB”) = 1 + L(“AGGTA”, “GXTXAY”)

2) Consider the input strings “ABCDGH” and “AEDFHR. Last characters do not match for the strings. 

can be written as: 

L(“ABCDGH”, “AEDFHR”) = MAX ( L(“ABCDG”, “AEDFH

So the LCS problem has optimal substructure property as the main problem can be solved using solutions to 

subproblems. 

 

I2 O erlappin" 9&'pro'lems: 

Following is simple recursive implementation of the LCS problem. The implementation simply follows the recursive 

structure mentioned above. 

 

* A Nai e rec&rsi e +ython implementation of L69 pro'lem 

%ef lcs1Y, Z, m, n2:  

 

 if m 33 4 or n 33 4:  

 ret&rn 4L  

 elif Y.m-5/ 33 Z.n-5/:  

 ret&rn 5 G lcs1Y, Z, m-5, n-52L  

 else:  

 ret&rn ma-1lcs1Y, Z, m, n-52, lcs1Y, Z, m

 

* Dri er pro"ram to test the a'o e f&nction 

Y 3 8AGG:A(8 

Z 3 8GY:YAZ(8 

print 8Len"th of L69 is 8, lcs1Y , Z, len1Y2, len1Z22

 

O&tp&t: 

Length of LCS is 4 

The naive solution for this problem is to generate all subsequences of both given sequences and find th

matching subsequence. This solution is exponential in term of time complexity. Let us see how this problem 

possesses both important properties of a Dynamic Programming (DP) Problem. 

nd Y[0..n-1] of lengths m and n respectively. And let L(X[0..m

the length of LCS of the two sequences X and Y. Following is the recursive definition of L(X[0..m

If last characters of both sequences match (or X[m-1] == Y[n-1]) then 

2], Y[0..n-2]) 

If last characters of both sequences do not match (or X[m-1] != Y[n-1]) then 

2], Y[0..n-1]), L(X[0..m-1], Y[0..n-2]) ) 

trings “AGGTAB” and “GXTXAYB”. Last characters match for the strings. So l

L(“AGGTAB”, “GXTXAYB”) = 1 + L(“AGGTA”, “GXTXAY”) 

 
Consider the input strings “ABCDGH” and “AEDFHR. Last characters do not match for the strings. 

L(“ABCDGH”, “AEDFHR”) = MAX ( L(“ABCDG”, “AEDFHX”), L(“ABCDGR”, “AEDFH”) ) 

So the LCS problem has optimal substructure property as the main problem can be solved using solutions to 

Following is simple recursive implementation of the LCS problem. The implementation simply follows the recursive 

* A Nai e rec&rsi e +ython implementation of L69 pro'lem  

52, lcs1Y, Z, m-5, n22L  

* Dri er pro"ram to test the a'o e f&nction  

print 8Len"th of L69 is 8, lcs1Y , Z, len1Y2, len1Z22 

The naive solution for this problem is to generate all subsequences of both given sequences and find the longest 

matching subsequence. This solution is exponential in term of time complexity. Let us see how this problem 

1] of lengths m and n respectively. And let L(X[0..m-1], Y[0..n-1]) be 

the length of LCS of the two sequences X and Y. Following is the recursive definition of L(X[0..m-1], Y[0..n-1]). 

trings “AGGTAB” and “GXTXAYB”. Last characters match for the strings. So length of LCS can 

Consider the input strings “ABCDGH” and “AEDFHR. Last characters do not match for the strings. So length of LCS 

So the LCS problem has optimal substructure property as the main problem can be solved using solutions to 

Following is simple recursive implementation of the LCS problem. The implementation simply follows the recursive 



 

 

Time complexity of the above naive recursive approach is O(2^n) in worst case and worst case happens when all 

characters of X and Y mismatch i.e., length of LCS is 0. 

 

Considering the above implementation, following is a partial recursion tree for input strings “AXYT” and “AYZX” 

                           lcs18AYZ:8, 8AZ[Y82 

                         O                  

         lcs18AYZ8, 8AZ[Y82              lcs18AYZ:8, 8AZ[82 

          O                                 O                

lcs18AY8, 8AZ[Y82 lcs18AYZ8, 8AZ[82   lcs18AYZ8, 8AZ[82 lcs18AYZ:8, 8AZ82 

 

In the above partial recursion tree, lcs(“AXY”, “AYZ”) is being solved twice. If we draw the complete recursion tree, 

then we can see that there are many subproblems which are solved again and again. So this problem has 

Overlapping Substructure property and recomputation of same subproblems can be avoided by either using 

Memoization or Tabulation. Following is a tabulated implementation for the LCS problem. 

 

* Dynamic +ro"rammin" implementation of L69 pro'lem  

%ef lcs1Y , Z2:  

 * fin% the len"th of the strin"s  

 m 3 len1Y2  

 n 3 len1Z2  

 

 * %eclarin" the array for storin" the %p  al&es  

 L 3 ..None/@1nG52 for i in -ran"e1mG52/  

 

 888\ollo!in" steps '&il% L.mG5/.nG5/ in 'ottom &p fashion  

 Note: L.i/.T/ contains len"th of L69 of Y.400i-5/  

 an% Z.400T-5/888 

 for i in ran"e1mG52:  

  for T in ran"e1nG52:  

   if i 33 4 or T 33 4 :  

    L.i/.T/ 3 4 

   elif Y.i-5/ 33 Z.T-5/:  

    L.i/.T/ 3 L.i-5/.T-5/G5 

   else:  

    L.i/.T/ 3 ma-1L.i-5/.T/ , L.i/.T-5/2  

 

 * L.m/.n/ contains the len"th of L69 of Y.400n-5/ ] Z.400m-5/  

 ret&rn L.m/.n/  

*en% of f&nction lcs  

 

* Dri er pro"ram to test the a'o e f&nction  

Y 3 8AGG:A(8 

Z 3 8GY:YAZ(8 

print 8Len"th of L69 is 8, lcs1Y, Z2  

 

O&tp&t: 

Length of LCS is 4 

 

Time Complexity of the above implementation is O(mn) which is much better than the worst-case time complexity of 

Naive Recursive implementation. 

 

Following is detailed algorithm to print the LCS. It uses the same 2D table L[][]. 

52 Construct L[m+1][n+1] using the steps discussed in above. 

I2 The value L[m][n] contains length of LCS. Create a character array lcs[] of length equal to the length of lcs plus 1 

(one extra to store \0). 



 

 

I2 Traverse the 2D array starting from L[m][n]. Do following for every cell L[i][j] 

…..a2 If characters (in X and Y) corresponding to L[i][j] are same (Or X[i-1] == Y[j-1]), then include this character as 

part of LCS. 

…..'2 Else compare values of L[i-1][j] and L[i][j-1] and go in direction of greater value. 

 

The following table (taken from Wiki) shows steps (highlighted) followed by the above algorithm. 

 

 
 

* Dynamic pro"rammin" implementation of L69 pro'lem  

* Xet&rns len"th of L69 for Y.400m-5/, Z.400n-5/  

%ef lcs1Y, Z, m, n2:  

 L 3 ..4 for - in -ran"e1nG52/ for - in -ran"e1mG52/  

 

 * \ollo!in" steps '&il% L.mG5/.nG5/ in 'ottom &p fashion0 Note  

 * that L.i/.T/ contains len"th of L69 of Y.400i-5/ an% Z.400T-5/  

 for i in -ran"e1mG52:  

  for T in -ran"e1nG52:  

   if i 33 4 or T 33 4:  

    L.i/.T/ 3 4 

   elif Y.i-5/ 33 Z.T-5/:  

    L.i/.T/ 3 L.i-5/.T-5/ G 5 

   else:  

    L.i/.T/ 3 ma-1L.i-5/.T/, L.i/.T-5/2  

 

 * \ollo!in" co%e is &se% to print L69  

 in%e- 3 L.m/.n/  

 

 * 6reate a character array to store the lcs strin"  

 lcs 3 .88/ @ 1in%e-G52  

 lcs.in%e-/ 3 88  

 

 * 9tart from the ri"ht-most-'ottom-most corner an%  

 * one 'y one store characters in lcs./  



 

 

 i 3 m  

 T 3 n  

 !hile i A 4 an% T A 4:  

 

  * If c&rrent character in Y./ an% Z are same, then  

  * c&rrent character is part of L69  

  if Y.i-5/ 33 Z.T-5/:  

   lcs.in%e--5/ 3 Y.i-5/  

   i-35 

   T-35 

   in%e--35 

 

  * If not same, then fin% the lar"er of t!o an%  

  * "o in the %irection of lar"er  al&e  

  elif L.i-5/.T/ A L.i/.T-5/:  

   i-35 

  else:  

   T-35 

 

 print 8L69 of 8 G Y G 8 an% 8 G Z G 8 is 8 G 880Toin1lcs2  

 

* Dri er pro"ram  

Y 3 8AGG:A(8 

Z 3 8GY:YAZ(8 

m 3 len1Y2  

n 3 len1Z2  

lcs1Y, Z, m, n2  

 

\loy%-Warshall Al"orithm 
• Floyd-Warshall Algorithm is an algorithm for solving All Pairs Shortest path problem which gives the shortest 

path between every pair of vertices of the given graph. 

• Floyd-Warshall Algorithm is an example of dynamic programming. 

• The main advantage of Floyd-Warshall Algorithm is that it is extremely simple and easy to implement. 

 

Al"orithm- 
6reate a ^V^ - ^V^ matri- 
\or each cell 1i,T2 in M %o- 

if i 3 3 T 

 M. i /. T / 3 4                 OO \or all %ia"onal elements,  al&e 3 4 

if 1i , T2 is an e%"e in E 

 M. i /. T / 3 !ei"ht1i,T2    OO If there e-ists a %irect e%"e 'et!een the  ertices,  al&e 3 !ei"ht of e%"e 

else 

 M. i /. T / 3 infinity         OO If there is no %irect e%"e 'et!een the  ertices,  al&e 3 P 

for # from 5 to ^V^ 

 for i from 5 to ^V^ 

  for T from 5 to ^V^ 

   if M. i /. T / A M. i /. # / G M. # /. T / 

    M. i /. T / 3 M. i /. # / G M. # /. T / 

 
Time Complexity- 

  

• Floyd Warshall Algorithm consists of three loops over all nodes. 

• The inner most loop consists of only operations of a constant complexity. 



 

 

• Hence, the asymptotic complexity of Floyd-Warshall algorithm is O(n3), where n is the number of nodes in 

the given graph. 

  

When Floyd- Warshall Algorithm is used? 

  

• Floyd-Warshall Algorithm is best suited for dense graphs since its complexity depends only on the number of 

vertices in the graph. 

• For sparse graphs, Johnson’s Algorithm is more suitable. 

 
Example: Input: 

       graph[][] = { {0,   5,  INF, 10}, 

                    {INF,  0,  3,  INF}, 

                    {INF, INF, 0,   1}, 

                    {INF, INF, INF, 0} } 

 

which represents the following graph 

             10 

       (0)------->(3) 

        |          /|\ 

     5 |           | 

        |           | 1 

       \|/         | 

       (1)------->(2) 

            3        

Note that the value of graph[i][j] is 0 if i is equal to j  

And graph[i][j] is INF (infinite) if there is no edge from vertex i to j. 

 

Output: 

Shortest distance matrix 

      0      5      8      9 

    INF      0      3      4 

    INF    INF      0      1 

    INF    INF    INF      0  

 

\loy% Warshall Al"orithm 

We initialize the solution matrix same as the input graph matrix as a first step. Then we update the solution matrix 

by considering all vertices as an intermediate vertex. The idea is to one by one pick all vertices and updates all 

shortest paths which include the picked vertex as an intermediate vertex in the shortest path. When we pick vertex 

number k as an intermediate vertex, we already have considered vertices {0, 1, 2, .. k-1} as intermediate vertices. For 

every pair (i, j) of the source and destination vertices respectively, there are two possible cases. 

1) k is not an intermediate vertex in shortest path from i to j. We keep the value of dist[i][j] as it is. 

2) k is an intermediate vertex in shortest path from i to j. We update the value of dist[i][j] as dist[i][k] + dist[k][j] if 

dist[i][j] > dist[i][k] + dist[k][j] 

 

The following figure shows the above optimal substructure property in the all-pairs shortest path problem. 

 
# Python Program for Floyd Warshall Algorithm  

# Number of vertices in the graph  

V = 4 



 

 

 

# Define infinity as the large enough value. This value will be  

# used for vertices not connected to each other  

INF = 99999 

 

# Solves all pair shortest path via Floyd Warshall Algorithm  

def floydWarshall(graph):  

 

 """ dist[][] will be the output matrix that will finally  

  have the shortest distances between every pair of vertices """ 

 """ initializing the solution matrix same as input graph matrix  

 OR we can say that the initial values of shortest distances  

 are based on shortest paths considering no  

 intermediate vertices """ 

 dist = map(lambda i : map(lambda j : j , i) , graph)  

  

 """ Add all vertices one by one to the set of intermediate  

 vertices.  

 ---> Before start of an iteration, we have shortest distances  

 between all pairs of vertices such that the shortest  

 distances consider only the vertices in the set  

 {0, 1, 2, .. k-1} as intermediate vertices.  

 ----> After the end of a iteration, vertex no. k is  

 added to the set of intermediate vertices and the  

 set becomes {0, 1, 2, .. k}  

 """ 

 for k in range(V):  

 

  # pick all vertices as source one by one  

  for i in range(V):  

 

   # Pick all vertices as destination for the  

   # above picked source  

   for j in range(V):  

 

    # If vertex k is on the shortest path from  

    # i to j, then update the value of dist[i][j]  

    dist[i][j] = min(dist[i][j] ,  

        dist[i][k]+ dist[k][j]  

        )  

 printSolution(dist)  

 

 

# A utility function to print the solution  

def printSolution(dist):  

 print "Following matrix shows the shortest distances\  

between every pair of vertices"  

 for i in range(V):  

  for j in range(V):  

   if(dist[i][j] == INF):  

    print "%7s" %("INF"),  

   else:  

    print "%7d\t" %(dist[i][j]),  

   if j == V-1:  

    print ""  



 

 

 

 

 

# Driver program to test the above program 

# Let us create the following weighted graph 

"""  

         10  

  (0)------->(3)  

  | /|\  

            5 |   |  

  |   | 1  

              \|/   |  

              (1)------->(2)  

         3   """ 

graph = [[0,5,INF,10],  

   [INF,0,3,INF],  

   [INF, INF, 0, 1],  

   [INF, INF, INF, 0] 

  ]  

# Print the solution  

floydWarshall(graph) 

 

O&tp&t: 

Following matrix shows the shortest distances between every pair of vertices

      0      5      8      9 

    INF      0      3      4 

    INF    INF      0      1 

    INF    INF    INF      0 

:ime 6omple-ity: O(V^3) 

The above program only prints the shortest distances. We can modify the 

storing the predecessor information in a separate 2D matrix.

Also, the value of INF can be taken as INT_MAX from limits.h to make sure that we handle maximum possible value. 

When we take INF as INT_MAX, we need 

overflow. 

 

+ro'lem- 

Consider the following directed weighted graph

 

Using Floyd-Warshall Algorithm, find the shortest path distance between every pair of vertices.

9ol&tion- 

9tep-45: 

  

• Remove all the self loops and parallel edges (keeping the edge with lowest weight) from the graph if any.

• In our case, we don’t have any self edge and parallel edge.

# Driver program to test the above program  

# Let us create the following weighted graph  

 

[INF, INF, INF, 0]  

st distances between every pair of vertices 

The above program only prints the shortest distances. We can modify the solution to print the shortest paths also by 

storing the predecessor information in a separate 2D matrix. 

Also, the value of INF can be taken as INT_MAX from limits.h to make sure that we handle maximum possible value. 

When we take INF as INT_MAX, we need to change the if condition in the above program to avoid arithmetic 

Consider the following directed weighted graph- 

 

Warshall Algorithm, find the shortest path distance between every pair of vertices.

Remove all the self loops and parallel edges (keeping the edge with lowest weight) from the graph if any.

In our case, we don’t have any self edge and parallel edge. 

solution to print the shortest paths also by 

Also, the value of INF can be taken as INT_MAX from limits.h to make sure that we handle maximum possible value. 

to change the if condition in the above program to avoid arithmetic 

Warshall Algorithm, find the shortest path distance between every pair of vertices.  

Remove all the self loops and parallel edges (keeping the edge with lowest weight) from the graph if any. 



 

 

9tep-4I: 

Now, write the initial distance matrix representing the distance between every p

given graph in the form of weights. 

• For diagonal elements (representing self

• For vertices having a direct edge between them, value = weight of that edge

• For vertices having no direct edges between them,

 

 

9tep-4,: 

From step-03, we will start our actual solution.

NO:E 

• Since, we have total 4 vertices in our given graph, so we will have total 4 matrices of order 4 x 4 in 

our solution. (excluding initial distance matrix)

• Diagonal elements of each matrix will always be 0.

 

The four matrices are- 

 

The last matrix D4 represents the shortest path distance between every pair of vertices.

 

Now, write the initial distance matrix representing the distance between every pair of vertices as mentioned in the 

For diagonal elements (representing self-loops), value = 0 

For vertices having a direct edge between them, value = weight of that edge 

For vertices having no direct edges between them, value = ∞ 

 

03, we will start our actual solution. 

Since, we have total 4 vertices in our given graph, so we will have total 4 matrices of order 4 x 4 in 

our solution. (excluding initial distance matrix) 

matrix will always be 0. 

represents the shortest path distance between every pair of vertices. 

air of vertices as mentioned in the 

Since, we have total 4 vertices in our given graph, so we will have total 4 matrices of order 4 x 4 in 

 

 



 

 

Matri- 6hain M&ltiplication 
It is a Method under Dynamic Programming in which previous output is taken as input for next. 

Here, Chain means one matrix's column is equal to the second matrix's row [always]. 

In general: 

If A = ⌊aij⌋ is a p x q matrix  

   B = ⌊bij⌋ is a q x r matrix 

   C = ⌊cij⌋ is a p x r matrix 

 

Then 

 
Given following matrices {A1,A2,A3,...An} and we have to perform the matrix multiplication, which can be 

accomplished by a series of matrix multiplications 

A1 xA2 x,A3 x.....x An 

 

Matrix Multiplication operation is associati e in nature rather commutative. By this, we mean that we have to follow 

the above matrix order for multiplication but we are free to parenthesi)e the above multiplication depending upon 

our need. 

 

In general, for 1≤ i≤ p and 1≤ j ≤ r 

 
 

It can be observed that the total entries in matrix 'C' is 'pr' as the matrix is of dimension p x r Also each entry takes O 

(q) times to compute, thus the total time to compute all possible entries for the matrix 'C' which is a multiplication of 

'A' and 'B' is proportional to the product of the dimension p q r. 

It is also noticed that we can save the number of operations by reordering the parenthesis. 

 

Given a sequence of matrices, find the most efficient way to multiply these matrices together. The problem is not 

actually to perform the multiplications, but merely to decide in which order to perform the multiplications. 

 

We have many options to multiply a chain of matrices because matrix multiplication is associative. In other words, 

no matter how we parenthesize the product, the result will be the same. For example, if we had four matrices A, B, 

C, and D, we would have: 1A(62D 3 1A(216D2 3 A1(6D2 3 0000 

 

However, the order in which we parenthesize the product affects the number of simple arithmetic operations 

needed to compute the product, or the efficiency. For example, suppose A is a 10 × 30 matrix, B is a 30 × 5 matrix, 

and C is a 5 × 60 matrix. Then, 

 

(AB)C = (10×30×5) + (10×5×60) = 1500 + 3000 = 4500 operations 

 A(BC) = (30×5×60) + (10×30×60) = 9000 + 18000 = 27000 operations. 

Clearly the first parenthesization requires less number of operations. 

 

Given an array p[] which represents the chain of matrices such that the ith matrix Ai is of dimension p[i-1] x p[i]. We 

need to write a function MatrixChainOrder() that should return the minimum number of multiplications needed to 

multiply the chain. 

 

Inp&t: p./ 3 >J4, I4, ,4, 54, ,4B    

O&tp&t: IK444   

There are 4 matrices of dimensions 40x20, 20x30, 30x10 and 10x30. 

Let the input 4 matrices be A, B, C and D.  The minimum number of  multiplications are obtained by putting 

parenthesis in following way  1A1(622D --A I4@,4@54 G J4@I4@54 G J4@54@,4 

 

  Inp&t: p./ 3 >54, I4, ,4, J4, ,4B  

  O&tp&t: ,4444  

 



 

 

There are 4 matrices of dimensions 10x20, 20x30, 30x40 and 40x30.  

Let the input 4 matrices be A, B, C and D.  The minimum number of  multiplications are obtained by putting 

parenthesis in following way 11A(262D --A 54@I4@,4 G 54@,4@J4 G 54@J4@,4 

 

Inp&t: p./ 3 >54, I4, ,4B   

O&tp&t: K444   

There are only two matrices of dimensions 10x20 and 20x30. So there is only one way to multiply the matrices, cost 

of which is 10*20*30 

 

Optimal 9&'str&ct&re: 

A simple solution is to place parenthesis at all possible places, calculate the cost for each placement and return the 

minimum value. In a chain of matrices of size n, we can place the first set of parenthesis in n-1 ways. For example, if 

the given chain is of 4 matrices. let the chain be ABCD, then there are 3 ways to place first set of parenthesis outer 

side: (A)(BCD), (AB)(CD) and (ABC)(D). So when we place a set of parenthesis, we divide the problem into 

subproblems of smaller size. Therefore, the problem has optimal substructure property and can be easily solved 

using recursion. 

 

Minimum number of multiplication needed to multiply a chain of size n = Minimum of all n-1 placements (these 

placements create subproblems of smaller size) 

 

I2 O erlappin" 9&'pro'lems 

Following is a recursive implementation that simply follows the a'o e optimal s&'str&ct&re property0 

* A nai e rec&rsi e implementation that  

* simply follo!s the a'o e optimal  

* s&'str&ct&re property  

import sys  

 

* Matri- A.i/ has %imension p.i-5/ - p.i/  

* for i 3 500n  

%ef Matri-6hainOr%er1p, i, T2:  

 

 if i 33 T:  

  ret&rn 4 

 _min 3 sys0ma-si)e  

  

 * place parenthesis at %ifferent places  

 * 'et!een first an% last matri-,  

 * rec&rsi ely calc&late co&nt of  

 * m&ltiplications for each parenthesis  

 * placement an% ret&rn the minim&m co&nt  

 for # in ran"e1i, T2:  

  co&nt 3 1Matri-6hainOr%er1p, i, #2  

   G Matri-6hainOr%er1p, #G5, T2  

    G p.i-5/ @ p.#/ @ p.T/2  

 

  if co&nt S _min:  

   _min 3 co&ntL  

  

 * Xet&rn minim&m co&nt  

 ret&rn _minL  

 

* Dri er pro"ram to test a'o e f&nction  

arr 3 .5, I, ,, J, ,/L  

n 3 len1arr2L  

print18Minim&m n&m'er of m&ltiplications is 8, Matri-6hainOr%er1arr, 5, n-522L  



 

 

 

O&tp&t: 

Minimum number of multiplications is 30

 

Time complexity of the above naive recursive approach is exponential. It should be noted that the above function 

computes the same subproblems again and again. See the following recursion tree for a matrix chain of size 4. The 

function MatrixChainOrder(p, 3, 4) is called two times. We can see that there are many subproblems being called 

more than once. 

 

 

Since same suproblems are called again, this problem has Overlapping Subprolems property. So Matrix Chain 

Multiplication problem has both properties (see

typical Dynamic Programming(DP) problems

temporary array m[][] in bottom up manner.

Dynamic Programming Solution 

 

Following is the implementation for Matrix Chain Multiplication problem using Dynamic Programming.

* Dynamic +ro"rammin" +ython implementation of Matri- 

* 6hain M&ltiplication0 9ee the 6ormen 'oo# for %etails 

* of the follo!in" al"orithm  

import sys  

 

* Matri- Ai has %imension p.i-5/ - p.i/ for i 3 500n 

%ef Matri-6hainOr%er1p, n2:  

 * \or simplicity of the pro"ram, 

 * e-tra col&mn are allocate% in m././0 4th ro! an% 4th 

 * col&mn of m././ are not &se%  

 m 3 ..4 for - in ran"e1n2/ for - in ran"e1n2/ 

 

 * m.i,T/ 3 Minim&m n&m'er of scalar m&ltiplications nee%e% 

 * to comp&te the matri- A.i/A.iG

 * %imension of A.i/ is p.i-5/ - p.i/ 

 

 * cost is )ero !hen m&ltiplyin" one matri-0 

Minimum number of multiplications is 30 

Time complexity of the above naive recursive approach is exponential. It should be noted that the above function 

bproblems again and again. See the following recursion tree for a matrix chain of size 4. The 

function MatrixChainOrder(p, 3, 4) is called two times. We can see that there are many subproblems being called 

ed again, this problem has Overlapping Subprolems property. So Matrix Chain 

Multiplication problem has both properties (see this and this) of a dynamic programming problem. Like other 

Dynamic Programming(DP) problems, recomputations of same subproblems can be avoided by constructing a 

temporary array m[][] in bottom up manner. 

Following is the implementation for Matrix Chain Multiplication problem using Dynamic Programming.

mmin" +ython implementation of Matri-  

* 6hain M&ltiplication0 9ee the 6ormen 'oo# for %etails  

5/ - p.i/ for i 3 500n  

* \or simplicity of the pro"ram, one e-tra ro! an% one  

* e-tra col&mn are allocate% in m././0 4th ro! an% 4th  

 

m 3 ..4 for - in ran"e1n2/ for - in ran"e1n2/  

* m.i,T/ 3 Minim&m n&m'er of scalar m&ltiplications nee%e%  

* to comp&te the matri- A.i/A.iG5/000A.T/ 3 A.i00T/ !here  

5/ - p.i/  

* cost is )ero !hen m&ltiplyin" one matri-0  

Time complexity of the above naive recursive approach is exponential. It should be noted that the above function 

bproblems again and again. See the following recursion tree for a matrix chain of size 4. The 

function MatrixChainOrder(p, 3, 4) is called two times. We can see that there are many subproblems being called 

 

ed again, this problem has Overlapping Subprolems property. So Matrix Chain 

) of a dynamic programming problem. Like other 

recomputations of same subproblems can be avoided by constructing a 

Following is the implementation for Matrix Chain Multiplication problem using Dynamic Programming. 



 

 

 for i in ran"e15, n2:  

  m.i/.i/ 3 4 

 

 * L is chain len"th0  

 for L in ran"e1I, n2:  

  for i in ran"e15, n-LG52:  

   T 3 iGL-5 

   m.i/.T/ 3 sys0ma-int  

   for # in ran"e1i, T2:  

 

    * U 3 costOscalar m&ltiplications  

    U 3 m.i/.#/ G m.#G5/.T/ G p.i-5/@p.#/@p.T/  

    if U S m.i/.T/:  

     m.i/.T/ 3 U  

 ret&rn m.5/.n-5/  

 

* Dri er pro"ram to test a'o e f&nction  

arr 3 .5, I, , ,J/  

si)e 3 len1arr2  

 

print18Minim&m n&m'er of m&ltiplications is 8 Gstr1Matri-6hainOr%er1arr, si)e222  

 

Output: 

Minimum number of multiplications is 18 

Time Complexity: O(n^3) 

Auxiliary Space: O(n^2) 

 

Gree%y Al"orithm 
 

"Greedy Method finds out of many options, but you have to choose the best option." 

In this method, we have to find out the best method/option out of many present ways. 

In this approach/method we focus on the first stage and decide the output, don't think about the future. 

 

This method may or may not give the best output. Greedy Algorithm solves problems by making the best choice that 

seems best at the particular moment. Many optimization problems can be determined using a greedy algorithm. 

Some issues have no efficient solution, but a greedy algorithm may provide a solution that is close to optimal. A 

greedy algorithm works if a problem exhibits the following two properties: 

1. Gree%y 6hoice +roperty: A globally optimal solution can be reached at by creating a locally optimal solution. 

In other words, an optimal solution can be obtained by creating "greedy" choices. 

2. Optimal s&'str&ct&re: Optimal solutions contain optimal subsolutions. In other words, answers to 

subproblems of an optimal solution are optimal. 

 

6omponents of Gree%y Al"orithm 

Greedy algorithms have the following five components − 

• A candidate set − A solu^on is created from this set. 

• A selection function − Used to choose the best candidate to be added to the solu^on. 

• A feasibility function − Used to determine whether a candidate can be used to contribute to the solution. 

• An objective function − Used to assign a value to a solu^on or a par^al solu^on. 

• A solution function − Used to indicate whether a complete solu^on has been reached. 

 

Areas of Application 

Greedy approach is used to solve many problems, such as 

• Finding the shortest path between two vertices using Dijkstra’s algorithm. 

• Finding the minimal spanning tree in a graph using Prim’s /Kruskal’s algorithm, etc. 



 

 

Where Gree%y Approach \ails 

In many problems, Greedy algorithm fails to find an optimal solution, moreover it may produce a worst solution. 

Problems like Travelling Salesman and Knapsack cannot be solved using this approach. 

 

9in"le 9o&rce 9hortest +ath 
Intro%&ction: 

In a shortest- paths pro'lem, we are given a weighted, directed graphs G = (V, E), with weight function !: E Q 

X mapping edges to real-valued weights. The weight of path p = (v0,v1,..... vk) is the total of the weights of its 

constituent edges: 

 
 

We define the shortest - path weight from u to v by δ(u,v) = min (w (p): u→v), if there is a path from u to v, and 

δ(u,v)= ∞, otherwise. 

The shortest path from vertex s to vertex t is then defined as any path p with weight w (p) = δ(s,t). 

 

The 'rea%th-first- search al"orithm is the shortest path algorithm that works on unweighted graphs, that is, graphs 

in which each edge can be considered to have unit weight. 

In a 9in"le 9o&rce 9hortest +aths +ro'lem, we are given a Graph G = (V, E), we want to find the shortest path from a 

given source vertex s ∈ V to every vertex v ∈ V. 

Variants: 

 

There are some variants of the shortest path problem. 

o 9in"le- %estination shortest - paths pro'lem: Find the shortest path to a given destination vertex t from 

every vertex v. By shift the direction of each edge in the graph, we can shorten this problem to a single - 

source problem. 

o 9in"le - pair shortest - path pro'lem: Find the shortest path from u to v for given vertices u and v. If we 

determine the single - source problem with source vertex u, we clarify this problem also. Furthermore, no 

algorithms for this problem are known that run asymptotically faster than the best single - source algorithms 

in the worst case. 

o All - pairs shortest - paths pro'lem: Find the shortest path from u to v for every pair of vertices u and v. 

Running a single - source algorithm once from each vertex can clarify this problem; but it can generally be 

solved faster, and its structure is of interest in the own right. 

Shortest Path: Existence: 

If some path from s to v contains a negative cost cycle then, there does not exist the shortest path. Otherwise, there 

exists a shortest s - v that is simple. 

 
 

Ne"ati e Wei"ht E%"es 

It is a weighted graph in which the total weight of an edge is negative. If a graph has a negative edge, then it 

produces a chain. After executing the chain if the output is negative then it will give - ∞ weight and condi^on get 

discarded. If weight is less than negative and - Z �h"n 0" c�nO� h�'" �h" �ho��"�� p��h in i�/ 

=�i"-l�, i- �h" ou�pu� i� -'", �h"n bo�h condi�ion g"� di�c��d"d/ 

6/ - Z 

</ �o� l"�� �h�n 7/ 

�nd 0" c�nno� h�'" �h" �ho��"�� ���h/ 

 

 

 



 

 

Xepresentin": 9hortest +ath 
Gi'"n � g��ph G 5 (,, + , 0" m�in��in -o� "�ch '"��"� ' 

Du�ing �h" "�"cu�ion o- �ho��"�� p��h� �lgo�i�hm�, ho0"'"�, �h" u '�lu"�

b�"�d�h--i��� �"��ch, 0" �h�ll b" in�"�"��"d in �h"

�g�in, 0" d"-in" �h" '"��"� �"� ,u, �o b" �h" �"� o- '"��ic"� o- G 0i�h non 

Vπ3 >  ∈∈∈∈ V: π . / a NILB ∪∪∪∪ >sB B 
The directed edge set EΠ is the set of edges induced by the Π values for vertices in V

Eb3 >1b. /,  2 ∈∈∈∈ E:   ∈∈∈∈ Vb - >sBB 
A shortest - paths tree rooted at s is a directed subgraph G = (V' E'), where V'

1. V' is the set of vertices reachable from s in G

2. G' forms a rooted tree with root s, and

3. For all v ∈ V', the unique, simple path from s to v in G' is the shortest path from s to v in G.

Shortest paths are not naturally unique, and neither i

 

Properties of Shortest Path: 

50 Optimal s&'str&ct&re property: All subpaths of shortest paths are shortest paths.

 

Let P1 be x - y sub path of shortest s - v path. Let P

shortest s - v path. 

I0 :rian"le ineU&ality: Let d (v, w) be the length of shortest path from v to w. Then,

d (v, w) ≤ d (v, x) + d (x, w) 

 

,0 Upper-'o&n% property: We always have d[v] 

v), it never changes. 

J0 No-path property: If there is no path from s to v, then we regularly have d[v] = δ(s, v) = ∞.

70 6on er"ence property: If s->u->v is a shortest path in G for some u, v 

relaxing edge (u, v), then d[v] = δ(s, v) at all times thereafter

 

Xela-ation 
The single - source shortest paths are based on a technique known as

decreases an upper bound on the actual shortest path weight of each vertex u

shortest - path weight. For each vertex v 

of the shortest path from source s to v. We call d [v] the

INI:IALI[E - 9INGLE - 9OUX6E 1G, s2 

 1. for each vertex v ∈ V [G] 

 2. do d [v] ← ∞ 

 3. π [v] ← NIL 

 4. d [s] ← 0 

Given a graph G = (V, E), we maintain for each vertex v ∈ V a pre%ecessor π [v] that is either another vertex or NIL. 

During the execution of shortest paths algorithms, however, the π values need not indicate shortest paths. As in 

first search, we shall be interested in the pre%ecessor s&'"raph Gn= (Vn,En) induced by the value π. Here 

, to be the set of vertices of G with non - NIL predecessors, plus 

is the set of edges induced by the Π values for vertices in VΠ: 

rooted at s is a directed subgraph G = (V' E'), where V'∈ V andE'∈E, such tha

V' is the set of vertices reachable from s in G 

G' forms a rooted tree with root s, and 

unique, simple path from s to v in G' is the shortest path from s to v in G.

Shortest paths are not naturally unique, and neither is shortest - paths trees. 

All subpaths of shortest paths are shortest paths. 

 

v path. Let P2 be any x - y path. Then cost of P1≤ cost of P

Let d (v, w) be the length of shortest path from v to w. Then, 

 

We always have d[v] ≥ δ(s, v) for all vertices v ∈ V, and once d[v] conclude the v

If there is no path from s to v, then we regularly have d[v] = δ(s, v) = ∞.

>v is a shortest path in G for some u, v ∈ V, and if d[u] = δ(s, u) at any time prior to 

ing edge (u, v), then d[v] = δ(s, v) at all times thereafter. 

source shortest paths are based on a technique known as rela-ation, a method that repeatedly 

decreases an upper bound on the actual shortest path weight of each vertex until the upper bound equivalent the 

path weight. For each vertex v ∈ V, we maintain an attribute d [v], which is an upper bound on the w

of the shortest path from source s to v. We call d [v] the shortest path estimate. 

π [v] that is either another vertex or NIL. 

need not indicate shortest paths. As in 

) induced by the value π. Here 

NIL predecessors, plus the source s: 

E, such that 

unique, simple path from s to v in G' is the shortest path from s to v in G. 

≤ cost of P2,otherwise P not 

V, and once d[v] conclude the value δ(s, 

If there is no path from s to v, then we regularly have d[v] = δ(s, v) = ∞. 

V, and if d[u] = δ(s, u) at any time prior to 

, a method that repeatedly 

ntil the upper bound equivalent the 

V, we maintain an attribute d [v], which is an upper bound on the weight 



 

 

After initialization, π [v] = NIL for all v ∈ V, d [v]

The development of relaxing an edge (u, v) consists of testing

so far by going through u and if so, updating d [v] and π [v]. A relaxation step may decrease the value of the shortest 

- path estimate d [v] and updated v's predecessor field π [v].

 

Fig: Relaxing an edge (u, v) with weight w (u, v) = 2. The shortest

vertex. 

 

1a2 (eca&se  0 % A &0 % G ! 1&,  2 prior to rela-ation, the  al&e of  0 % %ecreases

1'2 Rere,  0 % S &0 % G ! 1&,  2 'efore rela-in" the e%"e, an%

The subsequent code performs a relaxation step on edge (u, v)

XELAY 1&,  , !2 

 1. If d [v] > d [u] + w (u, v) 

 2. then d [v] ← d [u] + w (u, v) 

 3. π [v] ← u 

 

DiT#stracs Al"orithm 
It is a greedy algorithm that solves the single

nonnegative edge weights, i.e., w (u, v) ≥ 0 for each edge (u, v) 

Dijkstra's Algorithm maintains a set S of vertices whose final shortest 

been determined. That's for all vertices v 

V - S with the minimum shortest - path estimate, insert u into S and relaxes all edges leaving u.

Because it always chooses the "lightest" or "closest" vertex in V 

strate"y. 

 

Al"orithm 9teps: 

• Set all vertices distances = infinity except for the source vertex, set the source distance =

• Push the source vertex in a min-

priority queue will be according to vertices distances.

• Pop the vertex with the minimum distance from the priority queue (at first the popped vertex = source).

• )pd��" �h" di���nc"� o- �h" conn"c�"d '"��ic"� �o �h" popp"d '"��"� in c��" o- Icu��"n� '"��"� di���nc" F 

"dg" 0"igh� W n"�� '"��"� di���nc"I, �h"n pu�h �h" '"��"� 

• (- �h" popp"d '"��"� i� 'i�i�"d b"-o�", >u�� con�inu" 0i�hou� u�ing i�/

• �ppl� �h" ��m" �lgo�i�hm �g�in un�il �h" p�io�i�� ?u"u" i� "mp��/

 

DiT#stracs Al"orithm 1G, !, s2 

 6/ (�(T(�L(g+ - �(�GL+ - �8)9C+ (G, �  

 </ �w∅ 

 3. Q←V [G] 

 4. while Q ≠ ∅ 

 5. do u ← EXTRACT - MIN (Q) 

 6. S ← S ∪ {u} 

 7. for each vertex v ∈ Adj [u] 

 8. do RELAX (u, v, w) 

 

V, d [v] = 0 for v = s, and d [v] = ∞ for v ∈ V - {s}. 

The development of relaxing an edge (u, v) consists of testing whether we can improve the shortest path to v found 

so far by going through u and if so, updating d [v] and π [v]. A relaxation step may decrease the value of the shortest 

path estimate d [v] and updated v's predecessor field π [v]. 

ge (u, v) with weight w (u, v) = 2. The shortest-path estimate of each vertex appears within the 

  

1a2 (eca&se  0 % A &0 % G ! 1&,  2 prior to rela-ation, the  al&e of  0 % %ecreases 

1'2 Rere,  0 % S &0 % G ! 1&,  2 'efore rela-in" the e%"e, an% so the rela-ation step lea es  0 % &nchan"e%0

The subsequent code performs a relaxation step on edge (u, v) 

It is a greedy algorithm that solves the single-source shortest path problem for a directed graph G = (V, E) with 

≥ 0 for each edge (u, v) ∈ E. 

ijkstra's Algorithm maintains a set S of vertices whose final shortest - path weights from the source s have already 

been determined. That's for all vertices v ∈ S; we have d [v] = δ (s, v). The algorithm repeatedly selects the vertex u 

path estimate, insert u into S and relaxes all edges leaving u.

Because it always chooses the "lightest" or "closest" vertex in V - S to insert into set S, it is called as the

infinity except for the source vertex, set the source distance =

-priority queue in the form (distance , vertex), as the comparison in the min

priority queue will be according to vertices distances. 

e minimum distance from the priority queue (at first the popped vertex = source).

)pd��" �h" di���nc"� o- �h" conn"c�"d '"��ic"� �o �h" popp"d '"��"� in c��" o- Icu��"n� '"��"� di���nc" F 

di���nc"I, �h"n pu�h �h" '"��"� 0i�h �h" n"0 di���nc" �o �h" p�io�i�� ?u"u"/

(- �h" popp"d '"��"� i� 'i�i�"d b"-o�", >u�� con�inu" 0i�hou� u�ing i�/ 

�ppl� �h" ��m" �lgo�i�hm �g�in un�il �h" p�io�i�� ?u"u" i� "mp��/ 

 

0h"�h"� 0" c�n imp�o'" �h" �ho��"�� p��h �o ' -ound 

�o -�� b� going �h�ough u �nd i- �o, upd��ing d C'D �nd u C'D/ � �"l����ion ��"p m�� d"c�"��" �h" '�lu" o- �h" �ho��"�� 

p��h "��im��" o- "�ch '"��"� �pp"��� 0i�hin �h" 

so the rela-ation step lea es  0 % &nchan"e%0 

source shortest path problem for a directed graph G = (V, E) with 

path weights from the source s have already 

S; we have d [v] = δ (s, v). The algorithm repeatedly selects the vertex u ∈ 

path estimate, insert u into S and relaxes all edges leaving u. 

S to insert into set S, it is called as the "ree%y 

infinity except for the source vertex, set the source distance = 0. 

priority queue in the form (distance , vertex), as the comparison in the min-

e minimum distance from the priority queue (at first the popped vertex = source). 

)pd��" �h" di���nc"� o- �h" conn"c�"d '"��ic"� �o �h" popp"d '"��"� in c��" o- Icu��"n� '"��"� di���nc" F 

"0 di���nc" �o �h" p�io�i�� ?u"u"/ 



 

 

�lgo�i�hm 

52 C�"��" � �"� sptSet (�ho��"�� p��h ��"" �"�  �h�� $""p� ���c$ o- '"��ic"� includ"d in �ho��"�� p��h ��"", i/"/, 0ho�" 

minimum di���nc" -�om �ou�c" i� c�lcul��"d �nd -in�li4"d/ (ni�i�ll�, �hi� �"� i� "mp��/ 

I2 ���ign � di���nc" '�lu" �o �ll '"��ic"� in �h" inpu� g��ph/ (ni�i�li4" �ll di���nc" '�lu"� �� (�F(�(T+/ ���ign di���nc" 

'�lu" �� 7 -o� �h" �ou�c" '"��"� �o �h�� i� i� pic$"d -i���/ 

,2 Whil" sptSet do"�n*� includ" �ll '"��ic"� 

;/a2 �ic$ � '"��"� u 0hich i� no� �h"�" in sptSet �nd h�� minimum di���nc" '�lu"/ 

;/'2 (nclud" u �o sptSet/ 

;/c2 )pd��" di���nc" '�lu" o- �ll �d>�c"n� '"��ic"� o- u/ To upd��" �h" di���nc" '�lu"�, i�"���" �h�ough �ll �d>�c"n� 

'"��ic"�/ Fo� "'"�� �d>�c"n� '"��"� ', i- �um o- di���nc" '�lu" o- u (-�om �ou�c"  �nd 0"igh� o- "dg" u-', i� l"�� �h�n 

�h" di���nc" '�lu" o- ', �h"n upd��" �h" di���nc" '�lu" o- '/ 

 

L"� u� und"����nd 0i�h �h" -ollo0ing "��mpl"H 

 
Th" �"� sptSet i� ini�i�ll� "mp�� �nd di���nc"� ���ign"d �o '"��ic"� ��"  

n7, (�F, (�F, (�F, (�F, (�F, (�F, (�Fo 0h"�" (�F indic��"� in-ini�"/ �o0 pic$ �h" '"��"� 

 0i�h minimum di���nc" '�lu"/ Th" '"��"� 7 i� pic$"d, includ" i� in sptSet/ �o sptSet  

b"com"� n7o/ �-�"� including 7 �o sptSet, upd��" di���nc" '�lu"� o- i�� �d>�c"n� '"��ic"�/ 

 �d>�c"n� '"��ic"� o- 7 ��" 6 �nd [/ Th" di���nc" '�lu"� o- 6 �nd [ ��" upd��"d �� _ �nd \/ 

 Follo0ing �ubg��ph �ho0� '"��ic"� �nd �h"i� di���nc" '�lu"�, onl� �h" '"��ic"� 0i�h -ini�"  

di���nc" '�lu"� ��" �ho0n/ Th" '"��ic"� includ"d in ��T ��" �ho0n in g�""n colou�/ 

 

�ic$ �h" '"��"� 0i�h minimum di���nc" '�lu" �nd no� �l�"�d� includ"d in  

��T (no� in �p��+T / Th" '"��"� 6 i� pic$"d �nd �dd"d �o �p��"�/ �o �p��"�  

no0 b"com"� n7, 6o/ )pd��" �h" di���nc" '�lu"� o- �d>�c"n� '"��ic"� o- 6/  

Th" di���nc" '�lu" o- '"��"� < b"com"� 6</  
 
�ic$ �h" '"��"� 0i�h minimum di���nc" '�lu" �nd no� �l�"�d� includ"d in  

��T (no� in �p��+T / ,"��"� [ i� pic$"d/ �o �p��"� no0 b"com"� n7, 6, [o/  

)pd��" �h" di���nc" '�lu"� o- �d>�c"n� '"��ic"� o- [/ Th" di���nc" '�lu"  

o- '"��"� Q �nd \ b"com"� -ini�" (6d �nd : �"�p"c�i'"l� / 

 

 

�ic$ �h" '"��"� 0i�h minimum di���nc" '�lu" �nd no� �l�"�d� includ"d in  

��T (no� in �p��+T / ,"��"� Q i� pic$"d/ �o �p��"� no0 b"com"� n7, 6, [, Qo/  

)pd��" �h" di���nc" '�lu"� o- �d>�c"n� '"��ic"� o- Q/ Th" di���nc" '�lu"  

o- '"��"� d �nd \ ��" upd��"d/ 

 

 

W" �"p"�� �h" �bo'" ��"p� un�il sptSet do"� includ" �ll '"��ic"� o- gi'"n g��ph/ Fin�ll�, 0" g"� �h" -ollo0ing �ho��"�� 

���h T�"" (��T / 

 



 

 

W" u�" � bool"�n ����� �p��"�CD �o �"p�"�"n� �h" �"� o- '"��ic"� includ"d in ��T/ (- � '�lu" �p��"�C'D i� ��u", �h"n 

'"��"� ' i� includ"d in ��T, o�h"�0i�" no�/ ����� di��CD i� u�"d �o ��o�" �ho��"�� di���nc" '�lu"� o- �ll '"��ic"�/ 

* +ython pro"ram for DiT#stracs sin"le  

* so&rce shortest path al"orithm0 :he pro"ram is  

* for a%Tacency matri- representation of the "raph  

* Li'rary for IN:_MAY  

import sys  

 

class Graph12:  

 %ef __init__1self,  ertices2:  

  self0V 3  ertices  

  self0"raph 3 ..4 for col&mn in ran"e1 ertices2/  

     for ro! in ran"e1 ertices2/  

 

 %ef print9ol&tion1self, %ist2:  

  print 8Verte- dtDistance from 9o&rce8 

  for no%e in ran"e1self0V2:  

   print no%e, 8dt8, %ist.no%e/  

 

 * A &tility f&nction to fin% the  erte- !ith  

 * minim&m %istance  al&e, from the set of  ertices  

 * not yet incl&%e% in shortest path tree  

 %ef minDistance1self, %ist, spt9et2:  

  * Initilai)e minim&m %istance for ne-t no%e  

  min 3 sys0ma-int  

 

  * 9earch not nearest  erte- not in the  

  * shortest path tree  

  for   in ran"e1self0V2:  

   if %ist. / S min an% spt9et. / 33 \alse:  

    min 3 %ist. /  

    min_in%e- 3    

  ret&rn min_in%e-  

 

 * \&ntion that implements DiT#stracs sin"le so&rce  

 * shortest path al"orithm for a "raph represente%  

 * &sin" a%Tacency matri- representation  

 %ef %iT#stra1self, src2:  

  %ist 3 .sys0ma-int/ @ self0V  

  %ist.src/ 3 4 

  spt9et 3 .\alse/ @ self0V  

  for co&t in ran"e1self0V2:  

   * +ic# the minim&m %istance  erte- from  

   * the set of  ertices not yet processe%0  

   * & is al!ays eU&al to src in first iteration  

   & 3 self0minDistance1%ist, spt9et2  

 

   * +&t the minim&m %istance  erte- in the  

   * shotest path tree  

   spt9et.&/ 3 :r&e 

 

   * Up%ate %ist  al&e of the a%Tacent  ertices  

   * of the pic#e%  erte- only if the c&rrent  

   * %istance is "reater than ne! %istance an%  

   * the  erte- in not in the shotest path tree  



 

 

   for   in ran"e1self0V2:  

    if self0"raph.&/. / A 4 an% spt9et. / 33 \alse an% d  

    %ist. / A %ist.&/ G self0"raph.&/. /:  

     %ist. / 3 %ist.&/ G self0"raph.&/. /  

  self0print9ol&tion1%ist2  

 

* Dri er pro"ram  

" 3 Graph1e2  

"0"raph 3 ..4, J, 4, 4, 4, 4, 4, H, 4/,  

  .J, 4, H, 4, 4, 4, 4, 55, 4/,  

  .4, H, 4, F, 4, J, 4, 4, I/,  

  .4, 4, F, 4, e, 5J, 4, 4, 4/,  

  .4, 4, 4, e, 4, 54, 4, 4, 4/,  

  .4, 4, J, 5J, 54, 4, I, 4, 4/,  

  .4, 4, 4, 4, 4, I, 4, 5, K/,  

  .H, 55, 4, 4, 4, 4, 5, 4, F/,  

  .4, 4, I, 4, 4, 4, K, F, 4/  

  /L  

"0%iT#stra142L  

 

O&tp&t: 

,"��"�   Di���nc" -�om �ou�c" 

7                7 

6                _ 

<                6< 

B                6: 

_                <6 

d                66 

Q                : 

[                \ 

\                6_ 

Notes: 

52 Th" cod" c�lcul��"� �ho��"�� di���nc", bu� do"�n*� c�lcul��" �h" p��h in-o�m��ion/ W" c�n c�"��" � p��"n� �����, 

upd��" �h" p��"n� ����� 0h"n di���nc" i� upd��"d (li$" p�im*� impl"m"n���ion  �nd u�" i� �ho0 �h" �ho��"�� p��h 

-�om �ou�c" �o di--"�"n� '"��ic"�/ 

I2 Th" cod" i� -o� undi�"c�"d g��ph, ��m" di>$���� -unc�ion c�n b" u�"d -o� di�"c�"d g��ph� �l�o/ 

,2 Th" cod" -ind� �ho��"�� di���nc"� -�om �ou�c" �o �ll '"��ic"�/ (- 0" ��" in�"�"��"d onl� in �ho��"�� di���nc" -�om 

�h" �ou�c" �o � �ingl" ���g"�, 0" c�n b�"�$ �h" -o� �h" loop 0h"n �h" pic$"d minimum di���nc" '"��"� i� "?u�l �o 

���g"� (��"p B/� o- �h" �lgo�i�hm / 

J2 Tim" Compl"�i�� o- �h" impl"m"n���ion i� 8(,L< / (- �h" inpu� g��ph i� �"p�"�"n�"d u�ing �d>�c"nc� li��, i� c�n b" 

�"duc"d �o 8(+ log ,  0i�h �h" h"lp o- bin��� h"�p/ �l"��" �"" 

 

Disa% anta"e of DiT#stracs Al"orithm: 

6/ (� do"� � blind �"��ch, �o 0���"� � lo� o- �im" 0hil" p�oc"��ing/ 

</ (� c�nO� h�ndl" n"g��i'" "dg"�/ 

B/ (� l"�d� �o �h" �c�clic g��ph �nd mo�� o-�"n c�nno� ob��in �h" �igh� �ho��"�� p��h/ 

_/ W" n""d �o $""p ���c$ o- '"��ic"� �h�� h�'" b""n 'i�i�"d/ 

 

9in"le 9o&rce 9hortest +ath in a %irecte% Acyclic Graphs 
=� �"l��ing �h" "dg"� o- � 0"igh�"d D�G (Di�"c�"d �c�clic G��ph  G 5 (,, +  �cco�ding �o � �opologic�l �o�� o- i�� 

'"��ic"�, 0" c�n -igu�" ou� �ho��"�� p��h� -�om � �ingl" �ou�c" in ∅(V+E) time. Shortest paths are always well 

described in a dag, since even if there are negative-weight edges, no negative-weight cycles can exist. 

 

 

 



 

 

DAG - 9ROX:E9: - +A:R9 1G, !, s2 

 1. Topologically sort the vertices of G. 

 2. INITIALIZE - SINGLE- �8)9C+ (G, �  

 B/ -o� "�ch '"��"� u ��$"n in �opologic�ll

 _/ do -o� "�ch '"��"� ' ∈ Adj [u] 

 5. do RELAX (u, v, w)  

 

The running time of this data is determined by line 1 and by the for loop of lines 3 

implemented in ∅ (V + E) time. In the for loop of lines 3 

'"��"�/ Fo� "�ch '"��"�, �h" "dg"� �h�� l"�'" �h" '"��"� ��" "�ch "��min"d "��c�l� onc"/ )nli$" Di>$����O� �lgo�i�hm, 

0" u�" onl� 8 (6  �im" p"� "dg"/ Th" �unning �im" i� �hu� 

d"pic�ion o- �h" g��ph/ 

E-ample: 

9tep5: To topologically sort vertices apply

decreasing order of finish time. 

Now, take each vertex in topologically sorted order and relax each edge.

1. adj [s] →t, x   

2. 0 + 3 < ∞   

3. d [t] ← 3   

4. 0 + 2 < ∞   

5. d [x] ← 2   

 

1. adj [t] → r, x   

2. 3 + 1 < ∞   

3. d [r] ← 4   

4. 3 + 5 ≤ 2   

 

1. adj [x] → y   

2. 2 - 3 < ∞   

3. d [y] ← -1   

 

1. adj [y] → r   

2. -1 + 4 < 4   

3. 3 <4   

4. d [r] ← 3   

3. for each vertex u taken in topologically sorted order 

The running time of this data is determined by line 1 and by the for loop of lines 3 - 5. The topological sort can be 

(V + E) time. In the for loop of lines 3 - 5, as in Dijkstra's algorithm, there is one

'"��"�/ Fo� "�ch '"��"�, �h" "dg"� �h�� l"�'" �h" '"��"� ��" "�ch "��min"d "��c�l� onc"/ )nli$" Di>$����O� �lgo�i�hm, 

0" u�" onl� 8 (6  �im" p"� "dg"/ Th" �unning �im" i� �hu� ∅ (V + E), which is linear in the size of an adjac

 
To topologically sort vertices apply D\9 1Depth \irst 9earch2 and then arrange vertices in linear order by 

 

Now, take each vertex in topologically sorted order and relax each edge. 

5. The topological sort can be 

, there is one repetition per 

'"��"�/ Fo� "�ch '"��"�, �h" "dg"� �h�� l"�'" �h" '"��"� ��" "�ch "��min"d "��c�l� onc"/ )nli$" Di>$����O� �lgo�i�hm, 

(, F + , 0hich i� lin"�� in �h" �i4" o- �n �d>�c"nc� li�� 

�nd �h"n ����ng" '"��ic"� in lin"�� o�d"� b� 

 



 

 

 

:h&s the 9hortest +ath is: 

6/ � �o � i� <   

</ � �o � i� -6   

B/ � �o � i� B   

_/ � �o � i� B   

 

 

 

 

(ellman-\or% Al"orithm 
�ol'"� �ingl" �ho��"�� p��h p�obl"m in 0hich "dg" 0"igh� m�� b" n"g��i'" bu� no n"g��i'" c�cl" "�i���/ 

Thi� �lgo�i�hm 0o�$� co��"c�l� 0h"n �om" o- �h" "dg"� o- �h" di�"c�"d g��ph G m�� h�'" n"g��i'" 0"igh�/ Wh"n 

�h"�" ��" no c�cl"� o- n"g��i'" 0"igh�, �h"n 0" c�n -ind ou� �h" �ho��"�� p��h b"�0""n �ou�c" �nd d"��in��ion/ 

(� i� �lo0"� �h�n Di>$����O� �lgo�i�hm bu� mo�" '"����il", �� i� c�p�bl" o- h�ndling �om" o- �h" n"g��i'" 0"igh� "dg"�/ 

 

Thi� �lgo�i�hm d"�"c�� �h" n"g��i'" c�cl" in � g��ph �nd �"po��� �h"i� "�i��"nc"/ 

=��"d on �h" I+rinciple of Xela-ationI in 0hich mo�" �ccu���" '�lu"� g��du�ll� �"co'"�"d �n �pp�o�im��ion �o �h" 

p�op"� di���nc" b� un�il "'"n�u�ll� �"�ching �h" op�imum �olu�ion/ 

 

Gi'"n � 0"igh�"d di�"c�"d g��ph G 5 (,, +  0i�h �ou�c" � �nd 0"igh� -unc�ion 0H + Y 9, �h" ="llm�n-Fo�d �lgo�i�hm 

�"�u�n� � =ool"�n '�lu" indic��ing 0h"�h"� o� no� �h"�" i� � n"g��i'" 0"igh� c�cl" �h�� i� ����in�bl" -�om �h" �ou�c"/ 

(- �h"�" i� �uch � c�cl", �h" �lgo�i�hm p�oduc"� �h" �ho��"�� p��h� �nd �h"i� 0"igh��/ Th" �lgo�i�hm �"�u�n� T9)+ i- 

�nd onl� i- � g��ph con��in� no n"g��i'" - 0"igh� c�cl"� �h�� ��" �"�ch�bl" -�om �h" �ou�c"/ 

 

Xec&rrence Xelation 

%ist
#
 .&/ 3 .min.%ist

#-5
 .&/,min. %ist

#-5
 .i/Gcost .i,&/// as i e-cept &0 

$ Y $ i� �h" �ou�c" '"��"� 

u Y u i� �h" d"�^n�^on '"��"� 

i Y no o- "dg"� �o b" �c�nn"d conc"�ning � '"��"�/ 

 

(ELLMAN -\OXD 1G, !, s2 

 6/ (�(T(�L(g+ - �(�GL+ - �8)9C+ (G, �  

 </ -o� i w 6 �o p,CGDp - 6 

 B/ do -o� "�ch "dg" (u, '  ∈ E [G] 

 4. do RELAX (u, v, w) 

 5. for each edge (u, v) ∈ E [G] 

 6. do if d [v] > d [u] + w (u, v) 

 7. then return FALSE. 

 8. return TRUE. 

 

Al"orithm: (ellman-\or%-Al"orithm 1G, !, s2  

for each vertex v Є G.V   

   v.d := ∞  

   v.∏ := NIL  

s.d := 0  

for i = 1 to |G.V| - 1  

   for each edge (u, v) Є G.E  

      if v.d > u.d + w(u, v)  

         v.d := u.d +w(u, v)  

         v.∏ := u  

for each edge (u, v) Є G.E  

   if v.d > u.d + w(u, v)  

      return FALSE  

return TRUE 



 

 

Analysis 

The first for loop is used for initialization, which runs in O(V) times. The next for loop runs |V - 1| passes over the 

edges, which takes O(E) times. 

Hence, Bellman-Ford algorithm runs in O(V, E) time. 

 

E-ample 

The following example shows how Bellman-Ford algorithm works step by step. This graph has a negative edge but 

does not have any negative cycle, hence the problem can be solved using this technique. 

At the time of initialization, all the vertices except the source are marked by ∞ and the source is marked by 4. 

 
 

In the first step, all the vertices which are reachable from the source are updated by minimum cost. Hence, 

vertices a and h are updated. 

 
 

In the next step, vertices a, b, f and e are updated. 

 

 

Following the same logic, in this step vertices b, f, c and g are updated. 



 

 

 
 

Here, vertices c and d are updated. 

 
Hence, the minimum distance between vertex s and vertex % is I4. 

Based on the predecessor information, the path is s→ h→ e→ g→ c→ d 

 

* +ython pro"ram for (ellman-\or%cs sin"le so&rce  

* shortest path al"orithm0  

from collections import %efa&lt%ict  

 

* 6lass to represent a "raph  

class Graph:  

 %ef __init__1self,  ertices2:  

  self0V 3  ertices * No0 of  ertices  

  self0"raph 3 ./ * %efa&lt %ictionary to store "raph  

 

 * f&nction to a%% an e%"e to "raph  

 %ef a%%E%"e1self, &,  , !2:  

  self0"raph0appen%1.&,  , !/2  

   

 * &tility f&nction &se% to print the sol&tion  

 %ef printArr1self, %ist2:  

  print18Verte- Distance from 9o&rce82  

  for i in ran"e1self0V2:  

   print18f % dtdt f %8 f 1i, %ist.i/22  

  

 * :he main f&nction that fin%s shortest %istances from src to  

 * all other  ertices &sin" (ellman-\or% al"orithm0 :he f&nction  

 * also %etects ne"ati e !ei"ht cycle  

 %ef (ellman\or%1self, src2:  

  * 9tep 5: Initiali)e %istances from src to all other  ertices  

  * as IN\INI:E  

  %ist 3 .float18Inf82/ @ self0V  

  %ist.src/ 3 4 



 

 

  * 9tep I: Xela- all e%"es ^V^ - 5 times0 A simple shortest  

  * path from src to any other  erte- can ha e at-most ^V^ - 5  

  * e%"es  

  for i in ran"e1self0V - 52:  

   * Up%ate %ist  al&e an% parent in%e- of the a%Tacent  ertices of  

   * the pic#e%  erte-0 6onsi%er only those  ertices !hich are still in  

   * U&e&e  

   for &,  , ! in self0"raph:  

    if %ist.&/ W3 float18Inf82 an% %ist.&/ G ! S %ist. /:  

     %ist. / 3 %ist.&/ G !  

 

  * 9tep ,: chec# for ne"ati e-!ei"ht cycles0 :he a'o e step  

  * "&arantees shortest %istances if "raph %oesnct contain  

  * ne"ati e !ei"ht cycle0 If !e "et a shorter path, then there  

  * is a cycle0  

  for &,  , ! in self0"raph:  

   if %ist.&/ W3 float18Inf82 an% %ist.&/ G ! S %ist. /:  

    print 8Graph contains ne"ati e !ei"ht cycle8 

    ret&rn   

  * print all %istance  

  self0printArr1%ist2  

 

" 3 Graph172  

"0a%%E%"e14, 5, -52  

"0a%%E%"e14, I, J2  

"0a%%E%"e15, I, ,2  

"0a%%E%"e15, ,, I2  

"0a%%E%"e15, J, I2  

"0a%%E%"e1,, I, 72  

"0a%%E%"e1,, 5, 52  

"0a%%E%"e1J, ,, -,2  

 

* +rint the sol&tion  

"0(ellman\or%14)  

 

O&tp&t: 

Vertex   Distance from Source 

0                0 

1                -1 

2                2 

3                -2 

4                1 

Notes 

52 Negative weights are found in various applications of graphs. For example, instead of paying cost for a path, we 

may get some advantage if we follow the path. 

I2 Bellman-Fo�d 0o�$� b"��"� (b"��"� �h�n Di>$���*�  -o� di���ibu�"d ����"m�/ )nli$" Di>$���*� 0h"�" 0" n""d �o -ind 

minimum '�lu" o- �ll '"��ic"�, in ="llm�n-Fo�d, "dg"� ��" con�id"�"d on" b� on"/ 

 

gnapsac# pro'lem 
Gi'"n � �"� o- i�"m�, "�ch 0i�h � 0"igh� �nd � '�lu", d"�"�min" � �ub�"� o- i�"m� �o includ" in � coll"c�ion �o �h�� 

�h" �o��l 0"igh� i� l"�� �h�n o� "?u�l �o � gi'"n limi� �nd �h" �o��l '�lu" i� �� l��g" �� po��ibl"/ 

 

Th" $n�p��c$ p�obl"m i� in combin��o�i�l op�imi4��ion p�obl"m/ (� �pp"��� �� � �ubp�obl"m in m�n�, mo�" compl"� 

m��h"m��ic�l mod"l� o- �"�l-0o�ld p�obl"m�/ 8n" g"n"��l �pp�o�ch �o di--icul� p�obl"m� i� �o id"n�i-� �h" mo�� 



 

 

�"���ic�i'" con����in�, igno�" �h" o�h"��, �ol'" � $n�p��c$ p�obl"m, �nd �om"ho0 �d>u�� �h" �olu�ion �o ���i�-� �h" 

igno�"d con����in��/ 

 

�pplic��ion� 

(n m�n� c��"� o- �"�ou�c" �lloc��ion �long 0i�h �om" con����in�, �h" p�obl"m c�n b" d"�i'"d in � �imil�� 0�� o- 

#n�p��c$ p�obl"m/ Follo0ing i� � �"� o- "��mpl"/ 

• Finding �h" l"��� 0���"-ul 0�� �o cu� ��0 m��"�i�l� 

• po��-olio op�imi4��ion 

• Cu��ing ��oc$ p�obl"m� 

 

+ro'lem 9cenario 

� �hi"- i� �obbing � ��o�" �nd c�n c���� � m��im�l 0"igh� o- W into his knapsack. There are n items available in the 

store and weight of i
th

 item is wi and its profit is pi. What items should the thief take? 

In this context, the items should be selected in such a way that the thief will carry those items for which he will gain 

maximum profit. Hence, the objective of the thief is to maximize the profit. 

Based on the nature of the items, Knapsack problems are categorized as 

• Fractional Knapsack 

• Knapsack 

 

\ractional gnapsac# 

Fractions of items can be taken rather than having to make binary (0-1) choices for each item. Fractional Knapsack 

Problem can be solvable by greedy strategy whereas 0 - 1 problem is not. 

 

Steps to solve the Fractional Problem: 

1. Compute the value per pound  for each item. 

2. Obeying a Greedy Strategy, we take as possible of the item with the highest value per pound. 

3. If the supply of that element is exhausted and we can still carry more, we take as much as possible of the 

element with the next value per pound. 

4. Sorting, the items by value per pound, the greedy algorithm run in O (n log n) time. 

70 \ractional gnapsac# 

 
Fractional Knapsack (Array v, Array w, int W) 

1. for i= 1 to size (v) 

2. do p [i] = v [i] / w [i] 

3. Sort-Descending (p) 

4. i ← 1 

5. while (W>0) 

6. do amount = min (W, w [i]) 

7. solution [i] = amount 

8. W= W-amount 

9. i ← i+1 

10. return solution 

Example: Consider 5 items along their respective weights and values: - 

I = (I1,I2,I3,I4,I5) 

w = (5, 10, 20, 30, 40) 

v = (30, 20, 100, 90,160) 

The capacity of knapsack W = 60 

 

Now fill the knapsack according to the decreasing value of pi. 

First, we choose the item Ii whose weight is 5. 

Then choose item I3 whose weight is 20. Now,the total weight of knapsack is 20 + 5 = 25 

Now the next item is I5, and its weight is 40, but we want only 35, so we chose the fractional part of it, 



 

 

 

Solution: 

ITEM wi vi 
I1 5 30 

I2 10 20 

I3 20 100 

I4 30 90 

I5 40 160 

Taking value per weight ratio i.e. pi=  

ITEM wi vi Pi=  

I1 5 30 6 

I2 10 20 2 

I3 20 100 5 

I4 30 90 3 

I5 40 160 4 

Now, arrange the value of pi in decreasing order. 

ITEM wi vi pi=  

I1 5 30 6 

I3 20 100 5 

I5 40 160 4 

I4 30 90 3 

I2 10 20 2 

 

* +ython, pro"ram to sol e fractional  

* gnapsac# +ro'lem  

class ItemVal&e:   

 888Item Val&e Data6lass888 

 %ef __init__1self, !t,  al, in%2:  

  self0!t 3 !t  

  self0 al 3  al  

  self0in% 3 in%  

  self0cost 3  al OO !t  



 

 

 

 %ef __lt__1self, other2:  

  ret&rn self0cost S other0cost  

 

* Gree%y Approach  

class \ractionalgnap9ac#:  

 888:ime 6omple-ity O1n lo" n2888 

 hstaticmetho% 

 %ef "etMa-Val&e1!t,  al, capacity2:  

  888f&nction to "et ma-im&m  al&e 888 

  iVal 3 ./  

  for i in ran"e1len1!t22:  

   iVal0appen%1ItemVal&e1!t.i/,  al.i/, i22  

 

  * sortin" items 'y  al&e  

  iVal0sort1re erse 3 :r&e2  

  totalVal&e 3 4 

  for i in iVal:  

   c&rWt 3 int1i0!t2  

   c&rVal 3 int1i0 al2  

   if capacity - c&rWt A3 4:  

    capacity -3 c&rWt  

    totalVal&e G3 c&rVal  

   else:  

    fraction 3 capacity O c&rWt  

    totalVal&e G3 c&rVal @ fraction  

    capacity 3 int1capacity - 1c&rWt @ fraction22  

    'rea# 

  ret&rn totalVal&e  

 

* Dri er 6o%e  

if __name__ 33 8__main__8:  

 !t 3 .54, J4, I4, ,4/  

  al 3 .K4, J4, 544, 5I4/  

 capacity 3 74 

 

 ma-Val&e 3 \ractionalgnap9ac#0"etMa-Val&e1!t,  al, capacity2  

 print18Ma-im&m  al&e in gnapsac# 38, ma-Val&e2  

 

O&tp&t : 

Ma-im&m  al&e in gnapsac# 3 IJ4 

 

4O5 gnapsac# +ro'lem: Dynamic +ro"rammin" Approach: 

Knapsack is basically means bag. A bag of given capacity. 

We want to pack n items in your luggage. 

o The ith item is worth vi dollars and weight wi pounds. 

o Take as valuable a load as possible, but cannot exceed W pounds. 

o vi wi W are integers. 

 

1. W ≤ capacity   

2. Value ← Max   

 

Inp&t: 

o Knapsack of capacity 

o List (Array) of weight and their corresponding value. 



 

 

O&tp&t: To maximize profit and minimize weight in capacity.

The knapsack problem where we have to pack the knapsack with maximum value in such a manner that the total 

weight of the items should not be greater than the capacity of the knapsack.

 

Knapsack problem can be further divided in

50 \ractional gnapsac#: Fractional knapsack problem can be solved by

It can be solved by Dynamic +ro"rammin" Approach0

 

4O5 gnapsac# +ro'lem: 

In this item cannot be broken which means thief should

called 4O5 #napsac# +ro'lem. 

o Each item is taken or not taken. 

o Cannot take a fractional amount of an item taken or take an item more than once.

o It cannot be solved by the Greedy Approach because

o Gree%y Approach doesn't ensure an Optimal Solution.

 

gNA+9A6g 1n, W2 

 1. for w = 0, W 

 2. do V [0,w] ← 0 

 3. for i=0, n 

 4. do V [i, 0] ← 0   

 5. for w = 0, W 

 6. do if (wi≤ w & vi + V [i-1, w -  wi]> V [i 

 7. then V [i, W] ← vi + V [i - 1, w - wi] 

 8. else V [i, W] ← V [i - 1, w] 

 

E-ample of 4O5 gnapsac# +ro'lem: 

E-ample: The maximum weight the knapsack can hold is W is 11. There are five items to choose from. Their weights 

and values are presented in the following table:

 

The [i, j] entry here will be V [i, j], the best value obtainable using the first "i" rows of items if the max

were j. We begin by initialization and first row.

 

V [i, j] = max {V [i - 1, j], vi + V [i - 1, j -wi] 

minimize weight in capacity. 

The knapsack problem where we have to pack the knapsack with maximum value in such a manner that the total 

weight of the items should not be greater than the capacity of the knapsack. 

Knapsack problem can be further divided into two parts: 

Fractional knapsack problem can be solved by Gree%y 9trate"y where as 0 /1 problem is not.

Dynamic +ro"rammin" Approach0 

In this item cannot be broken which means thief should take the item as a whole or should leave it. That's why it is 

 

Cannot take a fractional amount of an item taken or take an item more than once.

It cannot be solved by the Greedy Approach because it is enable to fill the knapsack to capacity.

doesn't ensure an Optimal Solution. 

]> V [i -1,W]) 

m weight the knapsack can hold is W is 11. There are five items to choose from. Their weights 

and values are presented in the following table: 

 

The [i, j] entry here will be V [i, j], the best value obtainable using the first "i" rows of items if the max

were j. We begin by initialization and first row. 

 

 

 

The knapsack problem where we have to pack the knapsack with maximum value in such a manner that the total 

where as 0 /1 problem is not. 

take the item as a whole or should leave it. That's why it is 

Cannot take a fractional amount of an item taken or take an item more than once. 

it is enable to fill the knapsack to capacity. 

m weight the knapsack can hold is W is 11. There are five items to choose from. Their weights 

The [i, j] entry here will be V [i, j], the best value obtainable using the first "i" rows of items if the maximum capacity 



 

 

 

The value of V [3, 7] was computed as follows:

V [3, 7] = max {V [3 - 1, 7], v3 + V [3 - 1, 7 

         = max {V [2, 7], 18 + V [2, 7 - 5]}  

         = max {7, 18 + 6} 

         = 24 

 

\inally, the o&tp&t is: 

The maximum value of items in the knapsack is 40, the bottom

 

*A nai e rec&rsi e implementation of 4

* Xet&rns the ma-im&m  al&e that can 'e

* capacity W  

%ef #nap9ac#1W , !t ,  al , n2:  

 * (ase 6ase  

 if n 33 4 or W 33 4 :  

  ret&rn 4 

 

 * If !ei"ht of the nth item is more than gnapsac# of capacity 

 * W, then this item cannot 'e incl&%e% in the optimal sol&tion 

 if 1!t.n-5/ A W2:  

  ret&rn #nap9ac#1W , !t ,  al , n

 

 * ret&rn the ma-im&m of t!o cases: 

 * 152 nth item incl&%e%  

 * 1I2 not incl&%e%  

 else:  

  ret&rn ma-1 al.n-5/ G #nap9ac#1W

    #nap9ac#1W , !t ,  al , n

 

* en% of f&nction #nap9ac#  

 
The value of V [3, 7] was computed as follows: 

1, 7 - w3] 

 

The maximum value of items in the knapsack is 40, the bottom-right entry 

*A nai e rec&rsi e implementation of 4-5 gnapsac# +ro'lem  

* Xet&rns the ma-im&m  al&e that can 'e p&t in a #napsac# of  

* If !ei"ht of the nth item is more than gnapsac# of capacity  

* W, then this item cannot 'e incl&%e% in the optimal sol&tion  

ret&rn #nap9ac#1W , !t ,  al , n-52  

* ret&rn the ma-im&m of t!o cases:  

5/ G #nap9ac#1W-!t.n-5/ , !t ,  al , n-52,  

#nap9ac#1W , !t ,  al , n-522  

 



 

 

 

* :o test a'o e f&nction  

 al 3 .K4, 544, 5I4/  

!t 3 .54, I4, ,4/  

W 3 74 

n 3 len1 al2  

print #nap9ac#1W , !t ,  al , n2  

 

O&tp&t: 

II4 

 

Minim&m 6ost 9pannin" :rees 
A spanning tree is a subset of an undirected Graph that has all the vertices connected by minimum number of edges. 

If all the vertices are connected in a graph, then there exists at least one spanning tree. In a graph, there may exist 

more than one spanning tree. 

Properties of Spanning Tree: 

1. There may be several minimum spanning trees of the same weight having the minimum number of edges. 

2. If all the edge weights of a given graph are the same, then every spanning tree of that graph is minimum. 

3. If each edge has a distinct weight, then there will be only one, unique minimum spanning tree. 

4. A connected graph G can have more than one spanning trees. 

5. A disconnected graph can't have to span the tree, or it can't span all the vertices. 

6. Spanning Tree doesn't contain cycles. 

7. Spanning Tree has 1n-52 e%"es where n is the number of vertices. 

Example 

In the following graph, the highlighted edges form a spanning tree. 

 

 
 

Minim&m 9pannin" :ree 

A Minimum Spanning Tree (MST) is a subset of edges of a connected weighted undirected graph that connects all 

the vertices together with the minimum possible total edge weight. To derive an MST, Prim’s algorithm or Kruskal’s 

algorithm can be used. Hence, we will discuss Prim’s algorithm in this chapter. 

 

As we have discussed, one graph may have more than one spanning tree. If there are n number of vertices, the 

spanning tree should have n - 1 number of edges. In this context, if each edge of the graph is associated with a 

weight and there exists more than one spanning tree, we need to find the minimum spanning tree of the graph. 

Moreover, if there exist any duplicate weighted edges, the graph may have multiple minimum spanning tree. 

 



 

 

 

In the above graph, we have shown a spanning tree though it’s not the minimum spanning tree. The cost of this 

spanning tree is (5 + 7 + 3 + 3 + 5 + 8 + 3 + 4) = 38.

 

Metho%s of Minim&m 9pannin" :ree
There are two methods to find Minimum Spanning Tree

1. Kruskal's Algorithm 

2. Prim's Algorithm 

 

gr&s#alcs Al"orithm: 
An algorithm to construct a Minimum Spanning Tree for a connected weighted graph. It is a Greedy Algorithm. The 

Greedy Choice is to put the smallest weight edge that does not because a cycle in the MST constructed so far.

If the "raph is not lin#e%, then it fin%s a Minim&m 9pannin" :ree0

 

9teps for fin%in" M9: &sin" gr&s#alcs Al"orithm:

1. Arrange the edge of G in order of increasi

2. Starting only with the vertices of G and proceeding sequentially add each edge which does not result in a 

cycle, until (n - 1) edges are used.

3. EXIT. 

 

M9:- gXU9gAL 1G, !2 

 1. A ← ∅ 

 2. for each vertex v ∈ V [G] 

 3. do MAKE - SET (v) 

 4. sort the edges of E into non decreasing order by weight w

 5. for each edge (u, v) ∈ E, taken in non decreasing order by weight

 6. do if FIND-SET (μ) ≠ if FIND-SET (v) 

 7. then A  ←  A ∪ {(u, v)} 

 8. UNION (u, v) 

 9. return A 

 

Analysis: Where E is the number of edges in the graph and V is the number of vertices, Kruskal's Algorithm can be 

shown to run in O (E log E) time, or simply, O (E log V) time, all with simple data structures. These ru

equivalent because: 

o E is at most V
2
 and log V

2
= 2 x log V is O (log V).

o If we ignore isolated vertices, which will each their components of the minimum spanning tree, V 

log V is O (log E). 

Thus the total time is 

1. O (E log E) = O (E log V).   

 

\or E-ample: Find the Minimum Spanning Tree of the following graph using Kru

 

9ol&tion: First we initialize the set A to the empty set and create |v| trees, one containing each vertex with MAKE

SET procedure. Then sort the edges in E into order by non

There are 9 vertices and 12 edges. So MST 

In the above graph, we have shown a spanning tree though it’s not the minimum spanning tree. The cost of this 

spanning tree is (5 + 7 + 3 + 3 + 5 + 8 + 3 + 4) = 38. 

nim&m 9pannin" :ree 
There are two methods to find Minimum Spanning Tree 

An algorithm to construct a Minimum Spanning Tree for a connected weighted graph. It is a Greedy Algorithm. The 

is to put the smallest weight edge that does not because a cycle in the MST constructed so far.

If the "raph is not lin#e%, then it fin%s a Minim&m 9pannin" :ree0 

9teps for fin%in" M9: &sin" gr&s#alcs Al"orithm: 

Arrange the edge of G in order of increasing weight. 

Starting only with the vertices of G and proceeding sequentially add each edge which does not result in a 

1) edges are used. 

4. sort the edges of E into non decreasing order by weight w 

E, taken in non decreasing order by weight 

Where E is the number of edges in the graph and V is the number of vertices, Kruskal's Algorithm can be 

shown to run in O (E log E) time, or simply, O (E log V) time, all with simple data structures. These ru

= 2 x log V is O (log V). 

If we ignore isolated vertices, which will each their components of the minimum spanning tree, V 

Find the Minimum Spanning Tree of the following graph using Kruskal's algorithm.

 

First we initialize the set A to the empty set and create |v| trees, one containing each vertex with MAKE

SET procedure. Then sort the edges in E into order by non-decreasing weight. 

There are 9 vertices and 12 edges. So MST formed (9-1) = 8 edges 

In the above graph, we have shown a spanning tree though it’s not the minimum spanning tree. The cost of this 

An algorithm to construct a Minimum Spanning Tree for a connected weighted graph. It is a Greedy Algorithm. The 

is to put the smallest weight edge that does not because a cycle in the MST constructed so far. 

Starting only with the vertices of G and proceeding sequentially add each edge which does not result in a 

Where E is the number of edges in the graph and V is the number of vertices, Kruskal's Algorithm can be 

shown to run in O (E log E) time, or simply, O (E log V) time, all with simple data structures. These running times are 

If we ignore isolated vertices, which will each their components of the minimum spanning tree, V ≤ 2 E, so 

skal's algorithm. 

First we initialize the set A to the empty set and create |v| trees, one containing each vertex with MAKE-



 

 

 

Now, check for each edge (u, v) whether the endpoints u and v belong to the same tree. If they do then the edge (u, 

v) cannot be supplementary. Otherwise, the two vertices belong to different trees, and the edge (u, v) is added to

and the vertices in two trees are merged in by union procedure.

9tep5: So, first take (h, g) edge 

9tep I: then (g, f) edge. 

 

9tep ,: then (a, b) and (i, g) edges are considered, and the forest becomes

 

9tep J: Now, edge (h, i). Both h and i verti

        Then edge (c, d), (b, c), (a, h), (d, e), (e, f) are considered, and the forest becomes.

Now, check for each edge (u, v) whether the endpoints u and v belong to the same tree. If they do then the edge (u, 

v) cannot be supplementary. Otherwise, the two vertices belong to different trees, and the edge (u, v) is added to

and the vertices in two trees are merged in by union procedure. 

 

 

then (a, b) and (i, g) edges are considered, and the forest becomes 

 

Now, edge (h, i). Both h and i vertices are in the same set. Thus it creates a cycle. So this edge is discarded.

Then edge (c, d), (b, c), (a, h), (d, e), (e, f) are considered, and the forest becomes. 

 

Now, check for each edge (u, v) whether the endpoints u and v belong to the same tree. If they do then the edge (u, 

v) cannot be supplementary. Otherwise, the two vertices belong to different trees, and the edge (u, v) is added to A, 

ces are in the same set. Thus it creates a cycle. So this edge is discarded. 



 

 

 

9tep 7: In (e, f) edge both endpoints e and f exist in the same tree so discard

creates a cycle. 

9tep K: After that edge (d, f) and the final spanning tree is shown as in dark lines.

 

9tep F: This step will be required Minimum Spanning Tree because it contains all the 9 vertices and (9 

1. e → f,  b → h,  d → f [cycle will be

Minimum Cost MST 

 

* +ython pro"ram for gr&s#alcs al"orithm to fin% 

* Minim&m 9pannin" :ree of a "i en connecte%, 

* &n%irecte% an% !ei"hte% "raph  

from collections import %efa&lt%ict  

 

*6lass to represent a "raph  

class Graph:  

 %ef __init__1self, ertices2:  

  self0V3  ertices *No0 of  ertices 

  self0"raph 3 ./ * %efa&lt %ictionary 

  * to store "raph  

   

 * f&nction to a%% an e%"e to "raph 

 %ef a%%E%"e1self,&, ,!2:  

  self0"raph0appen%1.&, ,!/2 

 

 * A &tility f&nction to fin% set of an element i 

 * 1&ses path compression techniU&e2 

 

In (e, f) edge both endpoints e and f exist in the same tree so discarded this edge. Then (b, h) edge, it also 

After that edge (d, f) and the final spanning tree is shown as in dark lines. 

 

This step will be required Minimum Spanning Tree because it contains all the 9 vertices and (9 

be formed]   

 

* +ython pro"ram for gr&s#alcs al"orithm to fin%  

* Minim&m 9pannin" :ree of a "i en connecte%,  

self0V3  ertices *No0 of  ertices  

self0"raph 3 ./ * %efa&lt %ictionary  

* f&nction to a%% an e%"e to "raph  

self0"raph0appen%1.&, ,!/2  

lity f&nction to fin% set of an element i  

* 1&ses path compression techniU&e2  

ed this edge. Then (b, h) edge, it also 

This step will be required Minimum Spanning Tree because it contains all the 9 vertices and (9 - 1) = 8 edges 



 

 

 %ef fin%1self, parent, i2:  

  if parent.i/ 33 i:  

   ret&rn i  

  ret&rn self0fin%1parent, parent.i/2  

 

 * A f&nction that %oes &nion of t!o sets of - an% y  

 * 1&ses &nion 'y ran#2  

 %ef &nion1self, parent, ran#, -, y2:  

  -root 3 self0fin%1parent, -2  

  yroot 3 self0fin%1parent, y2  

 

  * Attach smaller ran# tree &n%er root of  

  * hi"h ran# tree 1Union 'y Xan#2  

  if ran#.-root/ S ran#.yroot/:  

   parent.-root/ 3 yroot  

  elif ran#.-root/ A ran#.yroot/:  

   parent.yroot/ 3 -root  

 

  * If ran#s are same, then ma#e one as root  

  * an% increment its ran# 'y one  

  else :  

   parent.yroot/ 3 -root  

   ran#.-root/ G3 5 

 

 * :he main f&nction to constr&ct M9: &sin" gr&s#alcs  

  * al"orithm  

 %ef gr&s#alM9:1self2:  

  res&lt 3./ *:his !ill store the res&ltant M9:  

  i 3 4 * An in%e-  aria'le, &se% for sorte% e%"es  

  e 3 4 * An in%e-  aria'le, &se% for res&lt./  

 

  * 9tep 5: 9ort all the e%"es in non-%ecreasin"  

  * or%er of their  

  * !ei"ht0 If !e are not allo!e% to chan"e the  

  * "i en "raph, !e can create a copy of "raph  

  self0"raph 3 sorte%1self0"raph,#ey3lam'%a item: item.I/2  

  parent 3 ./ L ran# 3 ./  

  * 6reate V s&'sets !ith sin"le elements  

  for no%e in ran"e1self0V2:  

   parent0appen%1no%e2  

   ran#0appen%142  

  

  * N&m'er of e%"es to 'e ta#en is eU&al to V-5  

  !hile e S self0V -5 :  

   * 9tep I: +ic# the smallest e%"e an% increment  

   * the in%e- for ne-t iteration  

   &, ,! 3 self0"raph.i/  

   i 3 i G 5 

   - 3 self0fin%1parent, &2  

   y 3 self0fin%1parent , 2  

 

   * If incl&%in" this e%"e %oesct ca&se cycle,  

   * incl&%e it in res&lt an% increment the in%e-  

   * of res&lt for ne-t e%"e  

   if - W3 y:  



 

 

    e 3 e G 5  

    res&lt0appen%1.&, ,!/2  

    self0&nion1parent, ran#, -, y2     

   * Else %iscar% the e%"e  

 

  * print the contents of res&lt./ to %isplay the '&ilt M9:  

  print 8\ollo!in" are the e%"es in the constr&cte% M9:8 

  for &, ,!ei"ht in res&lt:  

   *print str1&2 G 8 -- 8 G str1 2 G 8 33 8 G str1!ei"ht2  

   print 18f% -- f% 33 f%8 f 1&, ,!ei"ht22  

 

* Dri er co%e  

" 3 Graph1J2  

"0a%%E%"e14, 5, 542  

"0a%%E%"e14, I, K2  

"0a%%E%"e14, ,, 72  

"0a%%E%"e15, ,, 572  

"0a%%E%"e1I, ,, J2  

"0gr&s#alM9:12  

 

 

Following are the edges in the constructed MST 

2 -- 3 == 4 

0 -- 3 == 5 

0 -- 1 == 10 

Time Complexity: O(ElogE) or O(ElogV). Sorting of edges takes O(ELogE) time. 

 

+rimcs Al"orithm 
It is a greedy algorithm. It starts with an empty spanning tree. The idea is to maintain two sets of vertices: 

o Contain vertices already included in MST. 

o Contain vertices not yet included. 

At every step, it considers all the edges and picks the minimum weight edge. After picking the edge, it moves the 

other endpoint of edge to set containing MST. 

 

9teps for fin%in" M9: &sin" +rimcs Al"orithm: 

1. Create MST set that keeps track of vertices already included in MST. 

2. Assign key values to all vertices in the input graph. Initialize all key values as INFINITE (∞). Assign key values 

like 0 for the first vertex so that it is picked first. 

3. While MST set doesn't include all vertices. 

• Pick vertex u which is not is MST set and has minimum key value. Include 'u'to MST set. 

• )pd��" �h" $"� '�lu" o- �ll �d>�c"n� '"��ic"� o- u/ To upd��", i�"���" �h�ough �ll �d>�c"n� '"��ic"�/ 

Fo� "'"�� �d>�c"n� '"��"� ', i- �h" 0"igh� o- "dg" u/' l"�� �h�n �h" p�"'iou� $"� '�lu" o- ', upd��" 

$"� '�lu" �� � 0"igh� o- u/'/ 

 

M9:-+XIM 1G, !, r2 

 6/ -o� "�ch u { , CGD 

 </ do $"� CuD ← ∞ 

 3. π [u] ← NIL 

 4. key [r] ← 0 

 5. Q ← V [G] 

 6. While Q ? ∈ 

 7. do u ← EXTRACT - MIN (Q) 

 8. for each v ∈ Adj [u] 

 9. do if v ∈ Q and w (u, v) < key [v] 

 10. then π [v] ← u 



 

 

 11. key [v] ← w (u, v) 

Example: Generate minimum cost spanning tree for the following graph using Prim's algorithm.

 

Solution: In Prim's algorithm, first we initialize the priority Queue Q. to contain all the vertices and the key of each 

vertex to ∞ except for the root, whose key is set to 0

procure, now u = r and Adj [u] = {5, 1}. 

Removing u from set Q and adds it to set V 

vertex v adjacent to u but not in a tree.

1. Taking 0 as starting vertex   

2. Root = 0   

3. Adj [0] = 5, 1   

4. Parent, π [5] = 0 and π [1] = 0   

5. Key [5] = ∞ and key [1] = ∞   

6. w [0, 5) = 10  and w (0,1) = 28   

7. w (u, v) < key [5] , w (u, v) < key [1]   

8. Key [5] = 10 and key [1] = 28   

9. So update key value of 5 and 1 is:   

 

te minimum cost spanning tree for the following graph using Prim's algorithm.

 

In Prim's algorithm, first we initialize the priority Queue Q. to contain all the vertices and the key of each 

∞ except for the root, whose key is set to 0. Suppose 0 vertex is the root, i.e., r. By EXTRACT 

Removing u from set Q and adds it to set V - Q of vertices in the tree. Now, update the key and π fields of every 

 

 

 

te minimum cost spanning tree for the following graph using Prim's algorithm. 

In Prim's algorithm, first we initialize the priority Queue Q. to contain all the vertices and the key of each 

. Suppose 0 vertex is the root, i.e., r. By EXTRACT - MIN (Q) 

Q of vertices in the tree. Now, update the key and π fields of every 

 

 



 

 

Now by EXTRACT_MIN (Q) Removes 5 because key [5] = 10 which is minimum so u = 5.

1. Adj [5] = {0, 4} and 0 is already in heap

2. Taking 4, key [4] = ∞      π [4] = 5   

3. (u, v) < key [v] then key [4] = 25   

4. w (5,4) = 25   

5. w (5,4) < key [4]   

6. date key value and parent of 4.   

Now remove 4 because key [4] = 25 which is minimum, so u =4

1. Adj [4] = {6, 3}   

2. Key [3] = ∞         key [6] = ∞   

3. w (4,3) = 22        w (4,6) = 24   

4. w (u, v) < key [v]    w (u, v) < key [v]  

5. w (4,3) < key [3]      w (4,6) < key [6]  

 

)pd��" $"� '�lu" o- $"� CBD �� << �nd $"� CQD �� <_/

�nd �h" p��"n� o- B, Q �� _/ 

uCBD5 _       uCQD5 _    

u 5 +eT9�CTh�(� (B, Q             C$"� CBD W 

u 5 B              i/"/  << W <_   

�o0 �"mo'" B b"c�u�" $"� CBD 5 << i� mi

6/ �d> CBD 5 n_, Q, <o   

�o0 b� +eT9�CTh�(� (G  9"mo'"� d b"c�u�" $"� CdD 5 67 0hich i� minimum �o u 5 d/ 

h"�p   

 

�o0 �"mo'" _ b"c�u�" $"� C_D 5 <d 0hich i� minimum, �o u 5_ 

 

   

)pd��" $"� '�lu" o- $"� CBD �� << �nd $"� CQD �� <_/ 

 $"� CQDD   

�o0 �"mo'" B b"c�u�" $"� CBD 5 << i� minimum �o u 5B/ 

 

 

 



 

 

</ _ i� �l�"�d� in h"�p   

B/ _ i G $"� CQD 5 <_ no0 b"com"� $"� 

_/ #"� C<D 5 ∞            key [6] = 24   

5. w (3, 2) = 12          w (3, 6) = 18   

6. w (3, 2) < key [2]         w (3, 6) < key [6]

Now in Q, key [2] = 12, key [6] = 18, key [1] = 28 and parent of 2 and 6 is 3.

 π [2] = 3      π[6]=3   

 

Now by EXTRACT_MIN (Q) Removes 2, because key [2] = 12 is minimum.

1. u = EXTRACT_MIN (2, 6) 

2. u = 2          [key [2] < key [6]] 

3. 12 < 18 

4. Now the root is 2 

5. Adj [2] = {3, 1} 

6. 3 is already in a heap 

7. Taking 1, key [1] = 28 

8. w (2,1) = 16 

9. w (2,1) < key [1] 

So update key value of key [1] as 16 and its parent as 2.

 π[1]= 2   

 

 

Now by EXTRACT_MIN (Q) Removes 1 because key [1] = 16 is minimum.

1. Adj [1] = {0, 6, 2}   

2. 0 and 2 are already in heap.   

3. Taking 6, key [6] = 18   

4. w [1, 6] = 14   

5. w [1, 6] < key [6]   

)pd��" $"� '�lu" o- Q �� 6_ �nd i�� p��"n� �� 6/

 v CQD 5 6   

 CQD 5 6\   

CQD   

$"� CQD 5 6\, $"� C6D 5 <\ �nd p��"n� o- < �nd Q i� B/ 

�o0 b� +eT9�CTh�(� (G  9"mo'"� <, b"c�u�" $"� C<D 5 6< i� minimum/ 

�o upd��" $"� '�lu" o- $"� C6D �� 6Q �nd i�� p��"n� �� </ 

 

�o0 b� +eT9�CTh�(� (G  9"mo'"� 6 b"c�u�" $"� C6D 5 6Q i� minimum/ 

)pd��" $"� '�lu" o- Q �� 6_ �nd i�� p��"n� �� 6/ 

 

 



 

 

 

�o0 �ll �h" '"��ic"� h�'" b""n �p�nn"d, )�ing �bo'" �h" ��bl" 0" g"� �inimum �p�nning T�""/

 7 Y d Y _ Y B Y < Y 6 Y Q   

 C="c�u�" v CdD 5 7, v C_D 5 d, v CBD

Thu� �h" -in�l �p�nning T�"" i� 

To��l Co�� 5 67 F <d F << F 6< F 6Q F 6_ 5 ::

 

* A +ython pro"ram for +rimcs Minim&m 9pannin" :ree 1M9:2 al"orithm0 

* :he pro"ram is for a%Tacency matri- representation of the "raph 

import sys * Li'rary for IN:_MAY  

 

class Graph12:  

 %ef __init__1self,  ertices2:  

  self0V 3  ertices  

  self0"raph 3 ..4 for col&mn in ran"e1 ertices2/ 

     

 

 * A &tility f&nction to print the constr&cte% M9: store% in parent./ 

 %ef printM9:1self, parent2:  

  print 8E%"e dtWei"ht8 

  for i in ran"e15, self0V2:  

   print parent.i/, 8

 

 * A &tility f&nction to fin% the  erte- !ith 

 * minim&m %istance  al&e, from the set of  ertices 

 * not yet incl&%e% in shortest path tree 

 %ef mingey1self, #ey, mst9et2:  

  * Initilai)e min  al&e  

  min 3 sys0ma-int  

 

  for   in ran"e1self0V2:  

   if #ey. / S min an% mst9et. / 33 \alse: 

    min 3 #ey. / 

    min_in%e- 3   

  ret&rn min_in%e-  

 

�o0 �ll �h" '"��ic"� h�'" b""n �p�nn"d, )�ing �bo'" �h" ��bl" 0" g"� �inimum �p�nning T�""/

CBD 5 _, v C<D 5 B, v C6D 5<, v CQD 56D   

 
To��l Co�� 5 67 F <d F << F 6< F 6Q F 6_ 5 :: 

* A +ython pro"ram for +rimcs Minim&m 9pannin" :ree 1M9:2 al"orithm0  

ency matri- representation of the "raph  

self0"raph 3 ..4 for col&mn in ran"e1 ertices2/  

for ro! in ran"e1 ertices2/  

print the constr&cte% M9: store% in parent./  

 

print parent.i/, 8-8, i, 8dt8, self0"raph.i/. parent.i/ /  

* A &tility f&nction to fin% the  erte- !ith  

nce  al&e, from the set of  ertices  

* not yet incl&%e% in shortest path tree  

 

if #ey. / S min an% mst9et. / 33 \alse:  

min 3 #ey. /  

_in%e- 3    

 
�o0 �ll �h" '"��ic"� h�'" b""n �p�nn"d, )�ing �bo'" �h" ��bl" 0" g"� �inimum �p�nning T�""/ 



 

 

 * \&nction to constr&ct an% print M9: for a "raph  

 * represente% &sin" a%Tacency matri- representation  

 %ef primM9:1self2:  

  * gey  al&es &se% to pic# minim&m !ei"ht e%"e in c&t  

  #ey 3 .sys0ma-int/ @ self0V  

  parent 3 .None/ @ self0V * Array to store constr&cte% M9:  

  * Ma#e #ey 4 so that this  erte- is pic#e% as first  erte-  

  #ey.4/ 3 4 

  mst9et 3 .\alse/ @ self0V  

  parent.4/ 3 -5 * \irst no%e is al!ays the root of  

 

  for co&t in ran"e1self0V2:  

   * +ic# the minim&m %istance  erte- from  

   * the set of  ertices not yet processe%0  

   * & is al!ays eU&al to src in first iteration  

   & 3 self0mingey1#ey, mst9et2  

 

   * +&t the minim&m %istance  erte- in  

   * the shortest path tree  

   mst9et.&/ 3 :r&e 

 

   * Up%ate %ist  al&e of the a%Tacent  ertices  

   * of the pic#e%  erte- only if the c&rrent  

   * %istance is "reater than ne! %istance an%  

   * the  erte- in not in the shotest path tree  

   for   in ran"e1self0V2:  

    * "raph.&/. / is non )ero only for a%Tacent  ertices of m  

    * mst9et. / is false for  ertices not yet incl&%e% in M9:  

    * Up%ate the #ey only if "raph.&/. / is smaller than #ey. /  

    if self0"raph.&/. / A 4 an% mst9et. / 33 \alse an% #ey. / A self0"raph.&/. /:  

     #ey. / 3 self0"raph.&/. /  

     parent. / 3 &  

  self0printM9:1parent2  

 

" 3 Graph172  

"0"raph 3 . .4, I, 4, K, 4/,  

   .I, 4, ,, H, 7/,  

   .4, ,, 4, 4, F/,  

   .K, H, 4, 4, e/,  

   .4, 7, F, e, 4//  

"0primM9:12L  

 

O&tp&t: 

+dg"   W"igh� 

7 - 6    < 

6 - <    B 

7 - B    Q 

6 - _    d 

Tim" Compl"�i�� o- �h" �bo'" p�og��m i� 8(,L< / 

 

 

 

 

 

 



 

 

Differentiate 'et!een Dynamic +ro"rammin" an% Gree%y Metho% 

 

Dynamic Programming Greedy Method 
1. Dynamic Programming is used to 

obtain the optimal solution. 

1. Greedy Method is also used to get 

the optimal solution. 

2. In Dynamic Programming, we choose 

at each step, but the choice may depend on 

the solution to sub-problems. 

2. In a greedy Algorithm, we make 

whatever choice seems best at the moment 

and then solve the sub-problems arising 

after the choice is made. 

3. Less efficient as compared to a greedy 

approach 

3. More efficient as compared to a 

greedy approach 

4. Example: 0/1 Knapsack 4. Example: Fractional Knapsack 

5. It is guaranteed that Dynamic 

Programming will generate an optimal 

solution using Principle of Optimality. 

5. In Greedy Method, there is no such 

guarantee of getting Optimal Solution. 

 

Geometric Al"orithm 
Ho0 �o ch"c$ i- �0o gi'"n lin" �"gm"n�� in�"��"c�1 

Gi'"n �0o lin" �"gm"n�� (p6, ?6  �nd (p<, ?< , -ind i- �h" gi'"n lin" �"gm"n�� in�"��"c� 0i�h "�ch o�h"�/ 

="-o�" 0" di�cu�� �olu�ion, l"� u� d"-in" no�ion o- o�i"n���ion/ 8�i"n���ion o- �n o�d"�"d ��ipl"� o- poin�� in �h" pl�n" 

c�n b" 

2coun�"�cloc$0i�" 

2cloc$0i�" 

2colin"�� 

Th" -ollo0ing di�g��m �ho0� di--"�"n� po��ibl" o�i"n���ion� o- (�, b, c  

 

 
Ro! is Orientation &sef&l here? 

T0o �"gm"n�� (p6,?6  �nd (p<,?<  in�"��"c� i- �nd onl� i- on" o- �h" -ollo0ing �0o condi�ion� i� '"�i-i"d 

6/ General Case: 

2 (p6, ?6, p<  �nd (p6, ?6, ?<  h�'" di--"�"n� o�i"n���ion� �nd 

2 (p<, ?<, p6  �nd (p<, ?<, ?6  h�'" di--"�"n� o�i"n���ion�/ 

Examples: 

 



 

 

I0 Special Ca e 

– (p1, q1, p2), (p1, q1, q2), (p2, q2, p1), and (p2, q2, q1) are all collinear and 

– the x-projections of (p1, q1) and (p2, q2) intersect 

– the y-projections of (p1, q1) and (p2, q2) intersect 

Examples: 

 
Gi en n line se"ments, fin% if any t!o se"ments intersect 

Nai e Al"orithm A naive solution to solve this problem is to check every pair of lines and check if the pair intersects 

or not. We can check two line segments in O(1) time. Therefore, this approach takes O(n
2
). 

 

9!eep Line Al"orithm: We can solve this problem in O(nLogn) time using Sweep Line Algorithm. The algorithm first 

sorts the end points along the x axis from left to right, then it passes a vertical line through all points from left to 

right and checks for intersections. Following are detailed steps. 

 
1. 1)Let there be n given lines. There must be 2n end points to represent the n lines. Sort all points according to 

x coordinates. While sorting maintain a flag to indicate whether this point is left point of its line or right 

point. 

2. 2) Start from the leftmost point. Do following for every point 

a.  If the current point is a left point of its line segment, check for intersection of its line segment 

with the segments just above and below it. And add its line to active line segments (line segments 

for which left end point is seen, but right end point is not seen yet).  Note that we consider only 

those neighbors which are still active. 

b.  If the current point is a right point, remove its line segment from active list and check whether its 

two active neighbors (points just above and below) intersect with each other. 

 

The step 2 is like passing a vertical line from all points starting from the leftmost point to the rightmost point. That is 

why this algorithm is called Sweep Line Algorithm. The Sweep Line technique is useful in many other geometric 

algorithms like calculating the 2D Voronoi diagram 

 

What data structures should be used for efficient implementation? 

In step 2, we need to store all active line segments. We need to do following operations efficiently: 

a) Insert a new line segment 

b) Delete a line segment 

c) Find predecessor and successor according to y coordinate values 

The obvious choice for above operations is Self-Balancing Binary Search Tree like AVL Tree, Red Black Tree. With a 

Self-Balancing BST, we can do all of the above operations in O(Logn) time. 

 

Also, in step 1, instead of sorting, we can use min heap data structure. Building a min heap takes O(n) time and every 

extract min operation takes O(Logn) time  

 

E-ample: 

Let us consider the following example taken from here.  There are 5 line segments 1, 2, 3, 4 and 5.  The dotted green 

lines show sweep lines. 

 

 

 

 



 

 

Following are steps followed by the algorithm. 

self-balancing binary search tree. 

Left end point of line segment 1 is processed

Left end point of line segment  2 is processed

intersection. The tree contains 1, 2. 

Left end point of line segment 3 is processed:

the Tree. The tree contains  2, 1, 3. 

Right end point of line segment 1 is processed:

 Intersection of 2 and 3 is reported.  The tree co

Left end point of line segment    is processed

intersection. 4 is inserted into the Tree. The tree contains 

Left end point of line segment 5 is processed

the Tree. The tree contains   2, 4, 3, 5. 

Right end point of line segment 5 is processed:

Right end point of line segment   is process

of 2 with 3 is checked.  Intersection of 2 

of 2 and 3 is reported again. We can add some logic to check fo

 

Right end point of line segment  2 and 3 

Time Complexity: The first step is sorting which takes O(nLogn) time. The second step process 2n points and for 

processing every point, it takes O(Logn) time. Therefore, overall time complexity is O(nLogn)

 

6on e- R&ll 1iar isjs Al"orithm or Wrappin"2
Given a set of points in the plane. the convex hull of the set is the smallest convex polygon that contains all the 

points of it. 

The idea of Jarvis’s Algorithm is simple, we start from the leftmost point (or point with minimum x coordinate value) 

and we keep wrapping points in counterclockwise direction. The big question is, given a point p as current point, 

how to find the next point in output? The idea is to use

beats all other points at counterclockwise orientation, i.e., next point is q if for any other point r, we have 

“orientation(p, q, r) = counterclockwise”. Following 

 
Following are steps followed by the algorithm.  All points from left to right are processed one by one. We maintain a 

is processed: 1 is inserted into the Tree. The tree contains

is processed:  Intersection of 1 and 2 is checked. 2 is inserted into the Tree. No 

is processed:  Intersection of  3 with 1 is checked.  No intersection.

is processed: 1 is deleted from the Tree.  Intersection of

The tree contains  2, 3. 

is processed:   Intersections of  line 4 with lines 2 and 3 are checked. 

is inserted into the Tree. The tree contains  2, 4, 3. 

is processed:   Intersection of  5 with 3 is checked.  No intersection.

is processed: 5 is deleted from the Tree.   The tree contains 

is processed: 4 is deleted from the Tree.   The tree contains 

 with 3 is reported.  The tree contains  2, 3. Note that the intersection 

is reported again. We can add some logic to check for duplicates. 

 are processed:   Both are deleted from tree and tree becomes empty.

The first step is sorting which takes O(nLogn) time. The second step process 2n points and for 

nt, it takes O(Logn) time. Therefore, overall time complexity is O(nLogn)

1iar isjs Al"orithm or Wrappin"2 
Given a set of points in the plane. the convex hull of the set is the smallest convex polygon that contains all the 

idea of Jarvis’s Algorithm is simple, we start from the leftmost point (or point with minimum x coordinate value) 

and we keep wrapping points in counterclockwise direction. The big question is, given a point p as current point, 

n output? The idea is to use orientation () here. Next point is selected as the point that 

beats all other points at counterclockwise orientation, i.e., next point is q if for any other point r, we have 

“orientation(p, q, r) = counterclockwise”. Following is the detailed algorithm. 

All points from left to right are processed one by one. We maintain a 

e contains 1.   No intersection. 

is inserted into the Tree. No 

No intersection. 3 is inserted into 

Intersection of 2 and 3 is checked. 

are checked.  No 

No intersection. 5 is inserted into 

The tree contains  2, 4, 3. 

The tree contains  2, 4, 3.   Intersection 

3. Note that the intersection 

Both are deleted from tree and tree becomes empty. 

The first step is sorting which takes O(nLogn) time. The second step process 2n points and for 

nt, it takes O(Logn) time. Therefore, overall time complexity is O(nLogn) 

Given a set of points in the plane. the convex hull of the set is the smallest convex polygon that contains all the 

 
idea of Jarvis’s Algorithm is simple, we start from the leftmost point (or point with minimum x coordinate value) 

and we keep wrapping points in counterclockwise direction. The big question is, given a point p as current point, 

here. Next point is selected as the point that 

beats all other points at counterclockwise orientation, i.e., next point is q if for any other point r, we have 



 

 

1) Initialize p as leftmost point. 

2) Do following while we don’t come back to the first (or leftmost) point. 

…..a) The next point q is the point such that the triplet (p, q, r) is counterclockwise for any other point r. 

…..b) next[p] = q (Store q as next of p in the output convex hull). 

…..c) p = q (Set p as q for next iteration). 

 
:ime 6omple-ity: For every point on the hull we examine all the other points to determine the next point. Time 

complexity is ?(m * n) where n is number of input points and m is number of output or hull points (m <= n). In worst 

case, time complexity is O(n 
2
). The worst case occurs when all the points are on the hull (m = n) 

 

6on e- R&ll 1Graham 9can2 

Given a set of points in the plane. The convex hull of the set is the smallest convex polygon that contains all the 

points of it. 

 
Th" 0o��� c��" �im" compl"�i�� o- m��'i�*� �lgo�i�hm i� 8(nL< / )�ing G��h�m*� �c�n �lgo�i�hm, 0" c�n -ind Con'"� 

Hull in 8(nLogn  �im"/ Follo0ing i� G��h�m*� �lgo�i�hm 

L"� poin��C7//n-6D b" �h" inpu� �����/ 

 

52 Find �h" bo��om-mo�� poin� b� comp��ing � coo�din��" o- �ll poin��/ (- �h"�" ��" �0o poin�� 0i�h �h" ��m" � '�lu", 

�h"n �h" poin� 0i�h �m�ll"� � coo�din��" '�lu" i� con�id"�"d/ L"� �h" bo��om-mo�� poin� b" �7/ �u� �7 �� -i��� 

po�i�ion in ou�pu� hull/ 

I2 Con�id"� �h" �"m�ining n-6 poin�� �nd �o�� �h"m b� pol�� �ngl" in coun�"�cloc$0i�" o�d"� ��ound poin��C7D/ (- �h" 

pol�� �ngl" o- �0o poin�� i� �h" ��m", �h"n pu� �h" n"��"�� poin� -i���/ 

, �-�"� �o��ing, ch"c$ i- �0o o� mo�" poin�� h�'" �h" ��m" �ngl"/ (- �0o mo�" poin�� h�'" �h" ��m" �ngl", �h"n 

�"mo'" �ll ��m" �ngl" poin�� "�c"p� �h" poin� -���h"�� -�om �7/ L"� �h" �i4" o- �h" n"0 ����� b" m/ 

J2 (- m i� l"�� �h�n B, �"�u�n (Con'"� Hull no� po��ibl"  

72 C�"��" �n "mp�� ���c$ l�* �nd pu�h poin��C7D, poin��C6D �nd poin��C<D �o �/ 

K2 ��oc"�� �"m�ining m-B poin�� on" b� on"/ Do -ollo0ing -o� "'"�� poin� lpoin��CiD* 

        J052 #""p �"mo'ing poin�� -�om ���c$ 0hil" o�i"n���ion o- -ollo0ing B poin�� i� no� coun�"�cloc$0i�" (o� �h"� 



 

 

don*� m�$" � l"-� �u�n / 

            �  �oin� n"�� �o �op in ���c$ 

            b  �oin� �� �h" �op o- ���c$ 

            c  poin��CiD 

         J0I2 �u�h poin��CiD �o � 

72 ��in� con�"n�� o- � 

Th" �bo'" �lgo�i�hm c�n b" di'id"d in�o �0o ph��"�/ 

 

+hase 5 19ort points2: W" -i��� -ind �h" bo��om-mo�� poin�/ Th" id"� i� �o p�"-p�oc"�� poin�� b" �o��ing �h"m 0i�h 

�"�p"c� �o �h" bo��om-mo�� poin�/ 8nc" �h" poin�� ��" �o��"d, �h"� -o�m � �impl" clo�"d p��h (�"" �h" -ollo0ing 

di�g��m / 

Wh�� �hould b" �h" �o��ing c�i�"�i�1 compu���ion o- �c�u�l �ngl"� 0ould b" in"--ici"n� �inc" ��igonom"��ic -unc�ion� 

��" no� �impl" �o "'�lu��"/ Th" id"� i� �o u�" �h" o�i"n���ion �o comp��" �ngl"� 0i�hou� �c�u�ll� compu�ing �h"m 

(�"" �h" comp��"(  -unc�ion b"lo0  

 

+hase I 1Accept or XeTect +oints2: 8nc" 0" h�'" �h" clo�"d p��h, �h" n"�� ��"p i� �o ���'"��" �h" p��h �nd �"mo'" 

conc�'" poin�� on �hi� p��h/ Ho0 �o d"cid" 0hich poin� �o �"mo'" �nd 0hich �o $""p1 �g�in, o�i"n���ion h"lp� h"�"/ 

Th" -i��� �0o poin�� in �o��"d ����� ��" �l0��� p��� o- Con'"� Hull/ Fo� �"m�ining poin��, 0" $""p ���c$ o- �"c"n� 

�h�"" poin��, �nd -ind �h" �ngl" -o�m"d b� �h"m/ L"� �h" �h�"" poin�� b" p�"'(p , cu��(c  �nd n"��(n / (- o�i"n���ion o- 

�h"�" poin�� (con�id"�ing �h"m in ��m" o�d"�  i� no� coun�"�cloc$0i�", 0" di�c��d c, o�h"�0i�" 0" $""p i�/ Follo0ing 

di�g��m �ho0� ��"p b� ��"p p�oc"�� o- �hi� ph��" 

 

:ime 6omple-ity: L"� n b" �h" numb"� o- inpu� poin��/ Th" �lgo�i�hm ��$"� 8(nLogn  �im" i- 0" u�" � 8(nLogn  

�o��ing �lgo�i�hm/ 

Th" -i��� ��"p (-inding �h" bo��om-mo�� poin�  ��$"� 8(n  �im"/ Th" �"cond ��"p (�o��ing poin��  ��$"� 8(nLogn  �im"/ 

Th" �hi�d ��"p ��$"� 8(n  �im"/ (n �h" �hi�d ��"p, "'"�� "l"m"n� i� pu�h"d �nd popp"d �� mo�� on" �im"/ �o �h" �i��h 

��"p �o p�oc"�� poin�� on" b� on" ��$"� 8(n  �im", ���uming �h�� �h" ���c$ op"���ion� ��$" 8(6  �im"/ 8'"��ll 

compl"�i�� i� 8(n  F 8(nLogn  F 8(n  F 8(n  0hich i� 8(nLogn  

 

k&ic#h&ll Al"orithm for 6on e- R&ll 
Gi'"n � �"� o- poin��, � Con'"� hull i� �h" �m�ll"�� con'"� pol�gon con��ining �ll �h" gi'"n poin��/ 

 
(npu� i� �n ����� o- poin�� �p"ci-i"d b� �h"i� � �nd � coo�din��"�/ 8u�pu� i� � con'"� hull o- �hi� �"� o- poin�� in 

��c"nding o�d"� o- � coo�din��"�/ 

 

+��mpl" H 

(npu� H poin��CD 5 nn7, Bo, n6, 6o, n<, <o, n_, _o,n7, 7o, n6, <o, nB, 6o, nB, Boo; 

8u�pu� H  Th" poin�� in con'"� hull ��"H (7, 7  (7, B  (B, 6  (_, _  

 

(npu� H poin��CD 5 nn7, Bo, n6, 6o 

8u�pu� H �o� �o��ibl" 

Th"�" mu�� b" �� l"��� �h�"" poin�� �o -o�m � hull/ 

 

(npu�  H poin��CD 5 n(7, 7 , (7, _ , (-_, 7 , (d, 7 , (7, -Q , (6, 7 o; 

8u�pu� H (-_, 7 , (d, 7 , (7, -Q , (7, _  

 

Th" Guic$Hull �lgo�i�hm i� � Di'id" �nd Con?u"� �lgo�i�hm �imil�� �o Guic$ �o��/ L"� �C7;n-6D b" �h" inpu� ����� o- 

poin��/ Follo0ing ��" �h" ��"p� -o� -inding �h" con'"� hull o- �h"�" poin��/ 

6/ Find �h" poin� 0i�h minimum �-coo�din��" l"�� ���, minh� �nd �imil��l� �h" poin� 0i�h m��imum �-

coo�din��", m��h�/ 



 

 

</ ��$" � lin" >oining �h"�" �0o poin��, ��� L/ Thi� lin" 0ill di'id" �h" 0hol" �"� in�o �0o p����/ T�$" bo�h �h" 

p���� on" b� on" �nd p�oc""d -u��h"�/ 

B/ Fo� � p���, -ind �h" poin� � 0i�h m��imum di���nc" -�om �h" lin" L/ � -o�m� � ��i�ngl" 0i�h �h" poin�� minh�, 

m��h�/ (� i� cl"�� �h�� �h" poin�� �"�iding in�id" �hi� ��i�ngl" c�n n"'"� b" �h" p��� o- con'"� hull/ 

_/ Th" �bo'" ��"p di'id"� �h" p�obl"m in�o �0o �ub-p�obl"m� (�ol'"d �"cu��i'"l� / �o0 �h" lin" >oining �h" 

poin�� � �nd minh� �nd �h" lin" >oining �h" poin�� � �nd m��h� ��" n"0 lin"� �nd �h" poin�� �"�iding ou��id" 

�h" ��i�ngl" i� �h" �"� o- poin��/ 9"p"�� poin� no/ B �ill �h"�" no poin� l"-� 0i�h �h" lin"/ �dd �h" "nd poin�� o- 

�hi� poin� �o �h" con'"� hull/ 

 

:ime 6omple-ity: Th" �n�l��i� i� �imil�� �o Guic$ �o��/ 8n �'"��g", 0" g"� �im" compl"�i�� �� 8(n Log n , bu� in 

0o��� c��", i� c�n b"com" 8(n<  

 

Dynamic 6on e- h&ll ^ A%%in" +oints to an E-istin" 6on e- R&ll 
Gi'"n � con'"� hull, 0" n""d �o �dd � gi'"n numb"� o- poin�� �o �h" con'"� hull �nd p�in� �h" con'"� hull �-�"� "'"�� 

poin� �ddi�ion/ Th" poin�� �hould b" in �n�i-cloc$0i�" o�d"� �-�"� �ddi�ion o- "'"�� poin�/ 

+��mpl"�H 

(npu� H  

Con'"� Hull H (7, 7 , (B, -6 , (_, d , (-6, _  

�oin� �o �dd H (677, 677  

 

8u�pu� H 

�"0 con'"� hull H (-6, _  (7, 7  (B, -6  (677, 677  

W" -i��� ch"c$ 0h"�h"� �h" poin� i� in�id" �h" gi'"n con'"� hull o� no�/ (- i� i�, �h"n no�hing h�� �o b" don" 0" 

di�"c�l� �"�u�n �h" gi'"n con'"� hull/ (- �h" poin� i� ou��id" �h" con'"� hull, 0" -ind �h" lo0"� �nd upp"� ��ng"n��, 

�nd �h"n m"�g" �h" poin� 0i�h �h" gi'"n con'"� hull �o -ind �h" n"0 con'"� hull, �� �ho0n in �h" -igu�"/ 

 
 

Th" �"d ou�lin" �ho0� �h" n"0 con'"� hull �-�"� m"�ging �h" poin� �nd �h" gi'"n con'"� hull/ 

To -ind �h" upp"� ��ng"n�, 0" -i��� choo�" � poin� on �h" hull �h�� i� n"��"�� �o �h" gi'"n poin�/ Th"n 0hil" �h" lin" 

>oining �h" poin� on �h" con'"� hull �nd �h" gi'"n poin� c�o��"� �h" con'"� hull, 0" mo'" �n�i-cloc$0i�" �ill 0" g"� 

�h" ��ng"n� lin"/ 

 
Th" -igu�" �ho0� �h" mo'ing o- �h" poin� on �h" con'"� hull -o� -inding �h" upp"� ��ng"n�/ 

Note: (� i� ���um"d h"�" �h�� �h" inpu� o- �h" ini�i�l con'"� hull i� in �h" �n�i-cloc$0i�" o�d"�, o�h"�0i�" 0" h�'" �o 

-i��� �o�� �h"m in �n�i-cloc$0i�" o�d"� �h"n �ppl� �h" -ollo0ing cod"/ 

 

Deletin" points from 6on e- R&ll 

Gi'"n � -i�"d �"� o- poin��/ W" n""d �o -ind con'"� hull o- gi'"n �"�/ W" �l�o n""d �o -ind con'"� hull 0h"n � poin� i� 

�"mo'"d -�om �h" �"�/ 



 

 

+��mpl"H 

(ni�i�l �"� o- �oin��H (-<, \  (-6, <  (7, 6  (6, 7 

(ni�i�l con'"� hullH- (-<, \  (-B, 7  (-6, -:  (<, 

�oin� �o �"mo'" -�om �h" �"� H (-<, \  

Fin�l con'"� hullH (<, d  (-B, 7  (-6, -:  (<, 

 

6losest +air of +oints &sin" Di i%e an% 6onU&er al"orithm
W" ��" gi'"n �n ����� o- n poin�� in �h" pl�n", �nd �h" p�obl"m i� �o -ind ou� �h" clo�"�� p�i� o- poin�� in �h" �����/ 

Thi� p�obl"m ��i�"� in � numb"� o- �pplic��ion�/

�h�� com" �oo clo�" �og"�h"�, �inc" �hi� m�� indic��" � po��ibl" colli�ion/ 9"c�ll �h" -ollo0ing -o�mul� -o� di���nc" 

b"�0""n �0o poin�� p �nd ?/ 

Th" =�u�" -o�c" �olu�ion i� 8(nL< , compu�" �h" di���nc" b"�0""n "�ch p�i� �nd �"�u

c�lcul��" �h" �m�ll"�� di���nc" in 8(nLogn  �im" u�ing Di'id" �nd Con?u"� �����"g�/ (n �hi� po��, � 8(n � (Logn L<  

�pp�o�ch i� di�cu��"d/  

 

Al"orithm 

Follo0ing ��" �h" d"��il"d ��"p� o- � 8(n (Logn L<  �lgo��ihm/

Input: �n ����� o- n poin�� P[] 

Output: Th" �m�ll"�� di���nc" b"�0""n �0o poin�� in �h" gi'"n �����/

�� � p�"-p�oc"��ing ��"p, �h" inpu� ����� i� �o��"d �cco�ding �o � coo�din��"�/

52 Find �h" middl" poin� in �h" �o��"d �����, 0" c�n ��$"

I2 Di'id" �h" gi'"n ����� in �0o h�l'"�/ Th" -i��� �ub����� con��in� poin�� -�om �C7D �o �CnJ<D/ Th" �"cond �ub����� 

con��in� poin�� -�om �CnJ<F6D �o �Cn-6D/ 

,2 9"cu��i'"l� -ind �h" �m�ll"�� di���nc"� in bo�h �ub������/ L"� �h" di���nc"� b" dl �nd d�/ Find �h" minimu

�nd d�/ L"� �h" minimum b" d/ 

J2 F�om �h" �bo'" B ��"p�, 0" h�'" �n upp"� bound d o- minimum di���nc"/ �o0 0" n""d �o con�id"� �h" p�i�� �uch 

�h�� on" poin� in p�i� i� -�om �h" l"-� h�l- �nd �h" o�h"� i� -�om �h" �igh� h�l-/ Con�id"� �h" '"��ic�l

�h�ough �CnJ<D �nd -ind �ll poin�� 0ho�" � coo�din��" i� clo�"� �h�n d �o �h" middl" '"��ic�l lin"/ =uild �n ����� ���ipCD 

o- �ll �uch poin��/ 

6, <  (7, 6  (6, 7  (-B, 7  (-6, -:  (<, -Q  (B, 7  (d, B  (<, d   

:  (<, -Q (d, B  

:  (<, -Q  (d, B  

f +oints &sin" Di i%e an% 6onU&er al"orithm 
W" ��" gi'"n �n ����� o- n poin�� in �h" pl�n", �nd �h" p�obl"m i� �o -ind ou� �h" clo�"�� p�i� o- poin�� in �h" �����/ 

Thi� p�obl"m ��i�"� in � numb"� o- �pplic��ion�/ Fo� "��mpl", in �i�-���--ic con��ol, �ou m�

�h�� com" �oo clo�" �og"�h"�, �inc" �hi� m�� indic��" � po��ibl" colli�ion/ 9"c�ll �h" -ollo0ing -o�mul� -o� di���nc" 

 
Th" =�u�" -o�c" �olu�ion i� 8(nL< , compu�" �h" di���nc" b"�0""n "�ch p�i� �nd �"�u�n �h" �m�ll"��/ W" c�n 

c�lcul��" �h" �m�ll"�� di���nc" in 8(nLogn  �im" u�ing Di'id" �nd Con?u"� �����"g�/ (n �hi� po��, � 8(n � (Logn L<  

Follo0ing ��" �h" d"��il"d ��"p� o- � 8(n (Logn L<  �lgo��ihm/ 

Th" �m�ll"�� di���nc" b"�0""n �0o poin�� in �h" gi'"n �����/ 

p�oc"��ing ��"p, �h" inpu� ����� i� �o��"d �cco�ding �o � coo�din��"�/ 

Find �h" middl" poin� in �h" �o��"d �����, 0" c�n ��$" P[n(2] �� middl" poin�/ 

h" gi'"n ����� in �0o h�l'"�/ Th" -i��� �ub����� con��in� poin�� -�om �C7D �o �CnJ<D/ Th" �"cond �ub����� 

 

9"cu��i'"l� -ind �h" �m�ll"�� di���nc"� in bo�h �ub������/ L"� �h" di���nc"� b" dl �nd d�/ Find �h" minimu

F�om �h" �bo'" B ��"p�, 0" h�'" �n upp"� bound d o- minimum di���nc"/ �o0 0" n""d �o con�id"� �h" p�i�� �uch 

�h�� on" poin� in p�i� i� -�om �h" l"-� h�l- �nd �h" o�h"� i� -�om �h" �igh� h�l-/ Con�id"� �h" '"��ic�l

�h�ough �CnJ<D �nd -ind �ll poin�� 0ho�" � coo�din��" i� clo�"� �h�n d �o �h" middl" '"��ic�l lin"/ =uild �n ����� ���ipCD 

W" ��" gi'"n �n ����� o- n poin�� in �h" pl�n", �nd �h" p�obl"m i� �o -ind ou� �h" clo�"�� p�i� o- poin�� in �h" �����/ 

���--ic con��ol, �ou m�� 0�n� �o moni�o� pl�n"� 

�h�� com" �oo clo�" �og"�h"�, �inc" �hi� m�� indic��" � po��ibl" colli�ion/ 9"c�ll �h" -ollo0ing -o�mul� -o� di���nc" 

�n �h" �m�ll"��/ W" c�n 

c�lcul��" �h" �m�ll"�� di���nc" in 8(nLogn  �im" u�ing Di'id" �nd Con?u"� �����"g�/ (n �hi� po��, � 8(n � (Logn L<  

h" gi'"n ����� in �0o h�l'"�/ Th" -i��� �ub����� con��in� poin�� -�om �C7D �o �CnJ<D/ Th" �"cond �ub����� 

9"cu��i'"l� -ind �h" �m�ll"�� di���nc"� in bo�h �ub������/ L"� �h" di���nc"� b" dl �nd d�/ Find �h" minimum o- dl 

 
F�om �h" �bo'" B ��"p�, 0" h�'" �n upp"� bound d o- minimum di���nc"/ �o0 0" n""d �o con�id"� �h" p�i�� �uch 

�h�� on" poin� in p�i� i� -�om �h" l"-� h�l- �nd �h" o�h"� i� -�om �h" �igh� h�l-/ Con�id"� �h" '"��ic�l lin" p���ing 

�h�ough �CnJ<D �nd -ind �ll poin�� 0ho�" � coo�din��" i� clo�"� �h�n d �o �h" middl" '"��ic�l lin"/ =uild �n ����� ���ipCD 

 



 

 

72�o�� �h" ����� ���ipCD �cco�ding �o � coo�din��"�/ Thi� ��"p i� 8(nLogn / (� c�n b" op�imi4"d �

�o��ing �nd m"�ging/ 

K2 Find �h" �m�ll"�� di���nc" in ���ipCD/ Thi� i� ��ic$�/ F�om �h" -i��� loo$, i� �""m� �o b" � 8(nL<  ��"p, bu� i� i� �c�u�ll� 

8(n / (� c�n b" p�o'"d g"om"��ic�ll� �h�� -o� "'"�� poin� in �h" ���ip, 0" onl� n""d 

(no�" �h�� ���ip i� �o��"d �cco�ding �o f coo�din��" / 

F2 Fin�ll� �"�u�n �h" minimum o- d �nd di���nc" c�lcul��"d in �h" �bo'" ��"p (��"p Q 

 

:ime 6omple-ity L"� Tim" compl"�i�� o- �bo'" �lgo�i�hm b" T(n / L"� u� ���um" 

�lgo�i�hm/ Th" �bo'" �lgo�i�hm di'id"� �ll poin�� in �0o �"�� �nd �"cu��i'"l� c�ll� -o� �0o �"��/ �-�"� di'iding, i� -ind� 

�h" ���ip in 8(n  �im", �o��� �h" ���ip in 8(nLogn  �im" �nd -in�ll� -ind� �h" clo�"�� poin�� in ���ip

c�n "�p�"��"d �� -ollo0� 

T(n  5 <T(nJ<  F 8(n  F 8(nLogn  F 8(n  

T(n  5 <T(nJ<  F 8(nLogn  

T(n  5 T(n � Logn � Logn  

 

Notes 

52 Tim" compl"�i�� c�n b" imp�o'"d �o 8(nLogn  b� op�imi4ing ��"p d o- �h" �bo'" �lgo�i�hm/ W" 0ill �oon b" 

di�cu��ing �h" op�imi4"d �olu�ion in � �"p����" po��/

I2 Th" cod" -ind� �m�ll"�� di���nc"/ (� c�n b" "��il� modi-i"d �o -ind �h" poin�� 0i�h �h" �m�ll"�� di���nc"/

,2 Th" cod" u�"� ?uic$ �o�� 0hich c�n b" 8(nL<  in �h" 0o��� c��"/ To h�'" �h" upp"� bound ��

8(nLogn  �o��ing �lgo�i�hm li$" m"�g" �o�� o� h"�p �o�� c�n b" u�"d

 

Internet Al"orithm 

:rie 
T�i" i� �n "--ici"n� in-o�m��ion �"Trie'�l d��� ���uc�u�"/ )�ing T�i", �"��ch compl"�i�i"� c�n b" b�ough� �o op�im�l 

limi� ($"� l"ng�h / (- 0" ��o�" $"�� in bin��� �"��ch ��"", � 0"ll b�l�nc"d =�T 0ill n""d �im" p�opo��ion�l �o

N, 0h"�" � i� m��imum ���ing l"ng�h �nd � i� numb"� o- $"�� in ��""/ )�ing T�i", 0" c�n �"��ch �h" $"� in 8(�  

�im"/ Ho0"'"� �h" p"n�l�� i� on T�i" ��o��g" �"?ui�"m"

+'"�� nod" o- T�i" con�i��� o- mul�ipl" b��nch"�/ +�ch b��nch �"p�"�"n�� � po��ibl" ch���c�"� o- $"��/ W" n""d �o 

m��$ �h" l��� nod" o- "'"�� $"� �� "nd o- 0o�d nod"/ � T�i" nod" -i"ld

�� "nd o- 0o�d nod"/ � �impl" ���uc�u�" �o �"p�"�"n� nod"� o- �h" +ngli�h �lph�b"� c�n b" �� -ollo0ing,

 

JJ T�i" nod" 

���uc� T�i"�od" 

n 

     ���uc� T�i"�od" Xchild�"nC�L�H�=+Th�(g+D;

     JJ i�+nd8-Wo�d i� ��u" i- �h" nod" 

     JJ �"p�"�"n�� "nd o- � 0o�d 

�o�� �h" ����� ���ipCD �cco�ding �o � coo�din��"�/ Thi� ��"p i� 8(nLogn / (� c�n b" op�imi4"d �

Find �h" �m�ll"�� di���nc" in ���ipCD/ Thi� i� ��ic$�/ F�om �h" -i��� loo$, i� �""m� �o b" � 8(nL<  ��"p, bu� i� i� �c�u�ll� 

8(n / (� c�n b" p�o'"d g"om"��ic�ll� �h�� -o� "'"�� poin� in �h" ���ip, 0" onl� n""d �o ch"c$ �� mo�� [ poin�� �-�"� i� 

�cco�ding �o f coo�din��" /  

Fin�ll� �"�u�n �h" minimum o- d �nd di���nc" c�lcul��"d in �h" �bo'" ��"p (��"p Q  

L"� Tim" compl"�i�� o- �bo'" �lgo�i�hm b" T(n / L"� u� ���um" �h�� 0" u�" � 8(nLogn  �o��ing 

�lgo�i�hm/ Th" �bo'" �lgo�i�hm di'id"� �ll poin�� in �0o �"�� �nd �"cu��i'"l� c�ll� -o� �0o �"��/ �-�"� di'iding, i� -ind� 

�h" ���ip in 8(n  �im", �o��� �h" ���ip in 8(nLogn  �im" �nd -in�ll� -ind� �h" clo�"�� poin�� in ���ip

 

Tim" compl"�i�� c�n b" imp�o'"d �o 8(nLogn  b� op�imi4ing ��"p d o- �h" �bo'" �lgo�i�hm/ W" 0ill �oon b" 

i�cu��ing �h" op�imi4"d �olu�ion in � �"p����" po��/ 

Th" cod" -ind� �m�ll"�� di���nc"/ (� c�n b" "��il� modi-i"d �o -ind �h" poin�� 0i�h �h" �m�ll"�� di���nc"/

Th" cod" u�"� ?uic$ �o�� 0hich c�n b" 8(nL<  in �h" 0o��� c��"/ To h�'" �h" upp"� bound ��

8(nLogn  �o��ing �lgo�i�hm li$" m"�g" �o�� o� h"�p �o�� c�n b" u�"d 

'�l d��� ���uc�u�"/ )�ing T�i", �"��ch compl"�i�i"� c�n b" b�ough� �o op�im�l 

o�" $"�� in bin��� �"��ch ��"", � 0"ll b�l�nc"d =�T 0ill n""d �im" p�opo��ion�l �o

, 0h"�" � i� m��imum ���ing l"ng�h �nd � i� numb"� o- $"�� in ��""/ )�ing T�i", 0" c�n �"��ch �h" $"� in 8(�  

�im"/ Ho0"'"� �h" p"n�l�� i� on T�i" ��o��g" �"?ui�"m"n�� 

 
+'"�� nod" o- T�i" con�i��� o- mul�ipl" b��nch"�/ +�ch b��nch �"p�"�"n�� � po��ibl" ch���c�"� o- $"��/ W" n""d �o 

m��$ �h" l��� nod" o- "'"�� $"� �� "nd o- 0o�d nod"/ � T�i" nod" -i"ld isEndOfWord is used to distinguish the node 

A simple structure to represent nodes of the English alphabet can be as following,

struct TrieNode *children[ALPHABET_SIZE]; 

Sort the array strip[] according to y coordinates. This step is O(nLogn). It can be optimized to O(n) by recursively 

Find the smallest distance in strip[]. This is tricky. From the first look, it seems to be a O(n^2) step, but it is actually 

to check at most 7 points after it 

that we use a O(nLogn) sorting 

algorithm. The above algorithm divides all points in two sets and recursively calls for two sets. After dividing, it finds 

the strip in O(n) time, sorts the strip in O(nLogn) time and finally finds the closest points in strip in O(n) time. So T(n) 

Time complexity can be improved to O(nLogn) by optimizing step 5 of the above algorithm. We will soon be 

The code finds smallest distance. It can be easily modified to find the points with the smallest distance. 

The code uses quick sort which can be O(n^2) in the worst case. To have the upper bound as O(n (Logn)^2), a 

'�l d��� ���uc�u�"/ )�ing T�i", �"��ch compl"�i�i"� c�n b" b�ough� �o op�im�l 

o�" $"�� in bin��� �"��ch ��"", � 0"ll b�l�nc"d =�T 0ill n""d �im" p�opo��ion�l �o M @ lo" 

, 0h"�" � i� m��imum ���ing l"ng�h �nd � i� numb"� o- $"�� in ��""/ )�ing T�i", 0" c�n �"��ch �h" $"� in 8(�  

+'"�� nod" o- T�i" con�i��� o- mul�ipl" b��nch"�/ +�ch b��nch �"p�"�"n�� � po��ibl" ch���c�"� o- $"��/ W" n""d �o 

i� u�"d �o di��ingui�h �h" nod" 

� �impl" ���uc�u�" �o �"p�"�"n� nod"� o- �h" +ngli�h �lph�b"� c�n b" �� -ollo0ing, 



 

 

     bool i�+nd8-Wo�d; 

o; 

(n�"��ing � $"� in�o T�i" i� � �impl" �pp�o�ch/ +'"�� ch���c�"� o- �h" inpu� $"� i� in�"��"d �� �n indi'idu�l T�i" nod"/ 

�o�" �h�� �h" children i� �n ����� o- poin�"�� (o� �"-"�"nc"�  �o n"�� l"'"l ��i" nod"�/ Th" $"� ch���c�"� �c�� �� �n 

ind"� in�o �h" ����� children/ (- �h" inpu� $"� i� n"0 o� �n "��"n�ion o- �h" "�i��ing $"�, 0" n""d �o con���uc� non-

"�i��ing nod"� o- �h" $"�, �nd m��$ "nd o- �h" 0o�d -o� �h" l��� nod"/ (- �h" inpu� $"� i� � p�"-i� o- �h" "�i��ing $"� in 

T�i", 0" �impl� m��$ �h" l��� nod" o- �h" $"� �� �h" "nd o- � 0o�d/ Th" $"� l"ng�h d"�"�min"� T�i" d"p�h/ 

 

�"��ching -o� � $"� i� �imil�� �o in�"�� op"���ion, ho0"'"�, 0" onl� comp��" �h" ch���c�"�� �nd mo'" do0n/ Th" 

�"��ch c�n �"�min��" du" �o �h" "nd o- � ���ing o� l�c$ o- $"� in �h" ��i"/ (n �h" -o�m"� c��", i- �h" isEndofWord -i"ld 

o- �h" l��� nod" i� ��u", �h"n �h" $"� "�i��� in �h" ��i"/ (n �h" �"cond c��", �h" �"��ch �"�min��"� 0i�hou� "��mining 

�ll �h" ch���c�"�� o- �h" $"�, �inc" �h" $"� i� no� p�"�"n� in �h" ��i"/ 

Th" -ollo0ing pic�u�" "�pl�in� con���uc�ion o- ��i" u�ing $"�� gi'"n in �h" "��mpl" b"lo0, 

                      �oo� 

                    J   c    c 

                    �   �     b 

                    p   p     p 

                    h   n     � 

                    p   p  c  p 

                    "   �  �  " 

                 J  p   p 

                 (   �   0 

                p   p   p 

                 �  "   " 

                          p 

                           � 

(n �h" pic�u�", "'"�� ch���c�"� i� o- ��p" trie)node)t/ Fo� "��mpl", �h" root i� o- ��p" ��i"hnod"h�, �nd i�*� 

child�"n a, b �nd t ��" -ill"d, �ll o�h"� nod"� o- �oo� 0ill b" �)LL/ �imil��l�, j�k �� �h" n"�� l"'"l i� h�'ing onl� on" 

child (jnk , �ll o�h"� child�"n ��" �)LL/ Th" l"�- nod"� ��" in blu"/ 

 

n�"�� �nd �"��ch co��� O1#ey_len"th2, ho0"'"� �h" m"mo�� �"?ui�"m"n�� o- T�i" i� O1AL+RA(E:_9I[E @ #ey_len"th 

@ N2 0h"�" � i� numb"� o- $"�� in T�i"/ Th"�" ��" "--ici"n� �"p�"�"n���ion o- ��i" nod"� ("/g/ comp�"��"d ��i", �"�n��� 

�"��ch ��"", "�c/  �o minimi4" m"mo�� �"?ui�"m"n�� o- ��i"/ 

 

:rie ^ 1Delete2 

Du�ing d"l"�" op"���ion 0" d"l"�" �h" $"� in bo��om up m�nn"� u�ing �"cu��ion/ Th" -ollo0ing ��" po��ibl" 

condi�ion� 0h"n d"l"�ing $"� -�om ��i", 

6/ #"� m�� no� b" �h"�" in ��i"/ D"l"�" op"���ion �hould no� modi-� ��i"/ 

</ #"� p�"�"n� �� uni?u" $"� (no p��� o- $"� con��in� �no�h"� $"� (p�"-i� , no� �h" $"� i��"l- i� p�"-i� o- �no�h"� 

$"� in ��i" / D"l"�" �ll �h" nod"�/ 

B/ #"� i� p�"-i� $"� o- �no�h"� long $"� in ��i"/ )nm��$ �h" l"�- nod"/ 

_/ #"� p�"�"n� in ��i", h�'ing ��l"��� on" o�h"� $"� �� p�"-i� $"�/ D"l"�" nod"� -�om "nd o- $"� un�il -i��� l"�- 

nod" o- long"�� p�"-i� $"�/ 

 

* +ython pro"ram for insert an% search  

* operation in a :rie  

class :rieNo%e:  

  

 * :rie no%e class  

 %ef __init__1self2:  

  self0chil%ren 3 .None/@IK 

  * isEn%OfWor% is :r&e if no%e represent the en% of the !or%  

  self0isEn%OfWor% 3 \alse 

 

class :rie:  



 

 

 * :rie %ata str&ct&re class  

 %ef __init__1self2:  

  self0root 3 self0"etNo%e12  

 

 %ef "etNo%e1self2:  

  * Xet&rns ne! trie no%e 1initiali)e% to NULLs2  

  ret&rn :rieNo%e12  

 

 %ef _char:oIn%e-1self,ch2:  

  * pri ate helper f&nction  

  * 6on erts #ey c&rrent character into in%e-  

  * &se only cac thro&"h c)c an% lo!er case  

  ret&rn or%1ch2-or%1cac2  

 

 

 %ef insert1self,#ey2:  

  * If not present, inserts #ey into trie  

  * If the #ey is prefi- of trie no%e,  

  * T&st mar#s leaf no%e  

  p6ra!l 3 self0root  

  len"th 3 len1#ey2  

  for le el in ran"e1len"th2:  

   in%e- 3 self0_char:oIn%e-1#ey.le el/2  

 

   * if c&rrent character is not present  

   if not p6ra!l0chil%ren.in%e-/:  

    p6ra!l0chil%ren.in%e-/ 3 self0"etNo%e12  

   p6ra!l 3 p6ra!l0chil%ren.in%e-/  

  * mar# last no%e as leaf  

  p6ra!l0isEn%OfWor% 3 :r&e 

 

 %ef search1self, #ey2:  

  * 9earch #ey in the trie  

  * Xet&rns tr&e if #ey presents  

  * in trie, else false  

  p6ra!l 3 self0root  

  len"th 3 len1#ey2  

  for le el in ran"e1len"th2:  

   in%e- 3 self0_char:oIn%e-1#ey.le el/2  

   if not p6ra!l0chil%ren.in%e-/:  

    ret&rn \alse 

   p6ra!l 3 p6ra!l0chil%ren.in%e-/  

  ret&rn p6ra!l W3 None an% p6ra!l0isEn%OfWor%  

 

* %ri er f&nction  

%ef main12:  

 * Inp&t #eys 1&se only cac thro&"h c)c an% lo!er case2  

 #eys 3 .8the8,8a8,8there8,8anas!e8,8any8,  

   8'y8,8their8/  

 o&tp&t 3 .8Not present in trie8,  

   8+resent in trie8/  

 

 * :rie o'Tect  

 t 3 :rie12  

 * 6onstr&ct trie  



 

 

 for #ey in #eys:  

  t0insert1#ey2  

 * 9earch for %ifferent #eys  

 print18>B ---- >B80format18the8,o&tp&t.t0search18the82/22  

 print18>B ---- >B80format18these8,o&tp&t.t0search18these82/22  

 print18>B ---- >B80format18their8,o&tp&t.t0search18their82/22  

 print18>B ---- >B80format18tha!8,o&tp&t.t0search18tha!82/22  

 

if __name__ 33 c__main__c:  

 main12  

O&tp&t : 

the --- +resent in trie 

these --- Not present in trie 

their --- +resent in trie 

tha! --- Not present in trie 

 

Why :rie? :- 

6/ Wi�h T�i", 0" c�n in�"�� �nd -ind ���ing� in O+L, �im" 0h"�" L �"p�"�"n� �h" l"ng�h o- � �ingl" 0o�d/ Thi� i� 

ob'iou�l� -���"� �h�n =�T/ Thi� i� �l�o -���"� �h�n H��hing b"c�u�" o- �h" 0��� i� i� impl"m"n�"d/ W" do no� 

n""d �o compu�" �n� h��h -unc�ion/ �o colli�ion h�ndling i� �"?ui�"d (li$" 0" do in op"n 

�dd�"��ing �nd �"p����" ch�ining  

</ �no�h"� �d'�n��g" o- T�i" i�, 0" c�n "��il� p�in� �ll 0o�d� in �lph�b"�ic�l o�d"� 0hich i� no� "��il� po��ibl" 

0i�h h��hing/ 

B/ W" c�n "--ici"n�l� do p�"-i� �"��ch (o� �u�o-compl"�"  0i�h T�i"/ 

 

Iss&es !ith :rie :- 

Th" m�in di��d'�n��g" o- ��i"� i� �h�� �h"� n""d � lo� o- m"mo�� -o� ��o�ing �h" ���ing�/ Fo� "�ch nod" 0" h�'" �oo 

m�n� nod" poin�"��("?u�l �o numb"� o- ch���c�"�� o- �h" �lph�b"� , i- �p�c" i� conc"�n"d, �h"n T"�n��� �"��ch 

T�"" c�n b" p�"-"��"d -o� dic�ion��� impl"m"n���ion�/ (n T"�n��� �"��ch T�"", �h" �im" compl"�i�� o- �"��ch 

op"���ion i� 8(h  0h"�" h i� �h" h"igh� o- �h" ��""/ T"�n��� �"��ch T�""� �l�o �uppo��� o�h"� op"���ion� �uppo��"d 

b� T�i" li$" p�"-i� �"��ch, �lph�b"�ic�l o�d"� p�in�ing, �nd n"��"�� n"ighbo� �"��ch/ 

Th" -in�l conclu�ion i� �"g��ding tries data structure i� �h�� �h"� ��" -���"� bu� �"?ui�" huge memor- -o� ��o�ing �h" 

���ing�/ 

 

U##onenjs 9&ffi- :ree 
�u--i� T�"" i� '"�� u�"-ul in num"�ou� ���ing p�oc"��ing �nd compu���ion�l biolog� p�obl"m�/ 

� �u--i� ��"" : -o� � m-ch���c�"� ���ing � i� � �oo�"d di�"c�"d ��"" 0i�h "��c�l� m l"�'"� numb"�"d 6 �o m0 (Gi'"n �h�� 

l��� ���ing ch���c�"� i� uni?u" in ���ing  

• 9oo� c�n h�'" 4"�o, on" o� mo�" child�"n/ 

• +�ch in�"�n�l nod", o�h"� �h�n �h" �oo�, h�� �� l"��� �0o child�"n/ 

• +�ch "dg" i� l�b"ll"d 0i�h � non"mp�� �ub���ing o- �/ 

• �o �0o "dg"� coming ou� o- ��m" nod" c�n h�'" "dg"-l�b"l� b"ginning 0i�h �h" ��m" ch���c�"�/ 

 

Conc��"n��ion o- �h" "dg"-l�b"l� on �h" p��h -�om �h" �oo� �o l"�- i gi'"� �h" �u--i� o- � �h�� ������ �� po�i�ion i, i/"/ 

�Ci;mD/ 

Note: �o�i�ion ������ 0i�h 6 (i�*� no� 4"�o ind"�"d, bu� l��"�, 0hil" cod" impl"m"n���ion, 0" 0ill u�"d 4"�o ind"�"d 

po�i�ion  

Fo� ���ing � 5 ��b��c 0i�h m 5 Q, �u--i� ��"" 0ill loo$ li$" -ollo0ingH 

 

(� h�� on" �oo� nod" �nd �0o in�"�n�l nod"� �nd Q l"�- nod"�/ 

���ing D"p�h o- �"d p��h i� 6 �nd i� �"p�"�"n�� �u--i� c �����ing �� po�i�ion Q 

���ing D"p�h o- blu" p��h i� _ �nd i� �"p�"�"n�� �u--i� b�c� �����ing �� po�i�ion B 

���ing D"p�h o- g�""n p��h i� < �nd i� �"p�"�"n�� �u--i� �c �����ing �� po�i�ion d 

���ing D"p�h o- o��ng" p��h i� Q �nd i� �"p�"�"n�� �u--i� ��b��c �����ing �� po�i�ion 6 

 



 

 

 

+dg"� 0i�h l�b"l� � (g�""n  �nd �� (o��ng"  ��" non

l"�- "dg" ("nd� �� � l"�-  

(- on" �u--i� o- � m��ch"� � p�"-i� o- �no�h"� �u--i� o- � (0h"n l��� ch���c�"� in no� uni?u" in ���ing , �h"n p��h -o� �h" 

-i��� �u--i� 0ould no� "nd �� � l"�-/ 

Fo� ���ing � 5 ��b��, 0i�h m 5 d, -ollo0ing i� �h" �u--i� ��""H

 

H"�" 0" 0ill h�'" d �u--i�"�H ��b��, �b��, b��, �� �nd �/

���h -o� �u--i�"� l��* �nd l�* do no� "nd �� � l"�-/ � ��"" li$" �bo'" (Figu�" <  i� c�ll"d implici� �u--i� ��"" �� �om" 

�u--i�"� (l��* �nd l�*  ��" no� �""n "�plici�l� in ��""/

To �'oid �hi� p�obl"m, 0" �dd � ch���c�"� 0hich i� no� p�"�"n� in ���ing �l�"�d�/ W" no�m�ll� u�" b, q "�c �� 

�"�min��ion ch���c�"��/ 

Follo0ing i� �h" �u--i� ��"" -o� ���ing � 5 ��b��b 0i�h m 5 Q �nd no0 �ll Q �u--i�"� "nd �� l"�-/

 

 

 

+dg"� 0i�h l�b"l� � (g�""n  �nd �� (o��ng"  ��" non-l"�- "dg" (0hich "nd� �� �n in�"�n�l nod" / �ll o�h"� "dg"� ��" 

(- on" �u--i� o- � m��ch"� � p�"-i� o- �no�h"� �u--i� o- � (0h"n l��� ch���c�"� in no� uni?u" in ���ing , �h"n p��h -o� �h" 

, -ollo0ing i� �h" �u--i� ��""H 

 
H"�" 0" 0ill h�'" d �u--i�"�H ��b��, �b��, b��, �� �nd �/ 

���h -o� �u--i�"� l��* �nd l�* do no� "nd �� � l"�-/ � ��"" li$" �bo'" (Figu�" <  i� c�ll"d implici� �u--i� ��"" �� �om" 

ci�l� in ��""/ 

To �'oid �hi� p�obl"m, 0" �dd � ch���c�"� 0hich i� no� p�"�"n� in ���ing �l�"�d�/ W" no�m�ll� u�" b, q "�c �� 

Follo0ing i� �h" �u--i� ��"" -o� ���ing � 5 ��b��b 0i�h m 5 Q �nd no0 �ll Q �u--i�"� "nd �� l"�-/

 

n�"�n�l nod" / �ll o�h"� "dg"� ��" 

(- on" �u--i� o- � m��ch"� � p�"-i� o- �no�h"� �u--i� o- � (0h"n l��� ch���c�"� in no� uni?u" in ���ing , �h"n p��h -o� �h" 

���h -o� �u--i�"� l��* �nd l�* do no� "nd �� � l"�-/ � ��"" li$" �bo'" (Figu�" <  i� c�ll"d implici� �u--i� ��"" �� �om" 

To �'oid �hi� p�obl"m, 0" �dd � ch���c�"� 0hich i� no� p�"�"n� in ���ing �l�"�d�/ W" no�m�ll� u�" b, q "�c �� 

Follo0ing i� �h" �u--i� ��"" -o� ���ing � 5 ��b��b 0i�h m 5 Q �nd no0 �ll Q �u--i�"� "nd �� l"�-/ 

 



 

 

A nai e al"orithm to '&il% a s&ffi- tree 

Gi'"n � ���ing � o- l"ng�h m, "n�"� � �ingl" "dg" -o� �u--i� �Cl //mDb (�h" "n�i�" ���ing  in�o �h" ��"", �h"n �ucc"��i'"l� 

"n�"� �u--i� �Ci//mDb in�o �h" g�o0ing ��"", -o� i inc�"��ing -�om < �o m/ L"� �

"ncod"� �ll �h" �u--i�"� -�om 6 �o i/ 

�o �iF6 i� con���uc�"d -�om �i �� -ollo0�H

• ����� �� �h" �oo� o- �i 

• Find �h" long"�� p��h -�om �h" �oo� 0hich m��ch"� � p�"-i� o- �CiF6//mDb

• ���ch "nd� "i�h"� �� �h" nod" (��� 0  o� in �h" middl" o- 

• (- i� i� in �h" middl" o- �n "dg" (u, ' , b�"�$ �h" "dg" (u, '  in�o �0o "dg"� b� in�"��ing � n"0 nod" 0 >u�� 

�-�"� �h" l��� ch���c�"� on �h" "dg" �h�� m��ch"d � ch���c�"� in �CiFl//mD �nd >u�� b"-o�" �h" -i��� ch���c�"� 

on �h" "dg" �h�� mi�m��ch"d/ Th" n"0 "dg" (u, 0  i� l�b"ll"d 0i�h �h" p��� o- �h" (u, '  l�b"l �h�� m��ch"d 

0i�h �CiF6//mD, �nd �h" n"0 "dg" (0, '  i� l�b"ll"d 0i�h �h" �"m�ining p��� o- �h" (u, '  l�b"l/

• C�"��" � n"0 "dg" (0, iF6  -�om 0 �o � n"0 l"�- l�b"ll"d iF6 �nd

p��� o- �u--i� �CiF6//mD 

 

Thi� ��$"� 8(m<  �o build �h" �u--i� ��"" -o� �h" ���ing � o- l"ng�h m/

Follo0ing ��" -"0 ��"p� �o build �u--i� ��"" b��"d -o� ���ing j��b��bk b��"d on �bo'" �lgo�i�hmH

Implicit s&ffi- tree 

Whil" g"n"���ing �u--i� ��"" u�ing )$$on"n*� �lgo�i�hm, 0" 0ill �"" implici� �u--i� ��"" in in�"�m"di��" ��"p� -"0 

�im"� d"p"nding on ch���c�"�� in ���ing �/ (n implici� �u--i� ��""�, �h"�" 0ill b" no "dg" 0i�h b (o� q o� �n� o�h"� 

 

Gi'"n � ���ing � o- l"ng�h m, "n�"� � �ingl" "dg" -o� �u--i� �Cl //mDb (�h" "n�i�" ���ing  in�o �h" ��"", �h"n �ucc"��i'"l� 

"n�"� �u--i� �Ci//mDb in�o �h" g�o0ing ��"", -o� i inc�"��ing -�om < �o m/ L"� �i d"no�" �h" in�

�� -ollo0�H 

Find �h" long"�� p��h -�om �h" �oo� 0hich m��ch"� � p�"-i� o- �CiF6//mDb 

���ch "nd� "i�h"� �� �h" nod" (��� 0  o� in �h" middl" o- �n "dg" C��� (u, ' D/ 

(- i� i� in �h" middl" o- �n "dg" (u, ' , b�"�$ �h" "dg" (u, '  in�o �0o "dg"� b� in�"��ing � n"0 nod" 0 >u�� 

�-�"� �h" l��� ch���c�"� on �h" "dg" �h�� m��ch"d � ch���c�"� in �CiFl//mD �nd >u�� b"-o�" �h" -i��� ch���c�"� 

h�� mi�m��ch"d/ Th" n"0 "dg" (u, 0  i� l�b"ll"d 0i�h �h" p��� o- �h" (u, '  l�b"l �h�� m��ch"d 

0i�h �CiF6//mD, �nd �h" n"0 "dg" (0, '  i� l�b"ll"d 0i�h �h" �"m�ining p��� o- �h" (u, '  l�b"l/

C�"��" � n"0 "dg" (0, iF6  -�om 0 �o � n"0 l"�- l�b"ll"d iF6 �nd i� l�b"l� �h" n"0 "dg" 0i�h �h" unm��ch"d 

  �o build �h" �u--i� ��"" -o� �h" ���ing � o- l"ng�h m/ 

Follo0ing ��" -"0 ��"p� �o build �u--i� ��"" b��"d -o� ���ing j��b��bk b��"d on �bo'" �lgo�i�hmH

 

 

Whil" g"n"���ing �u--i� ��"" u�ing )$$on"n*� �lgo�i�hm, 0" 0ill �"" implici� �u--i� ��"" in in�"�m"di��" ��"p� -"0 

�im"� d"p"nding on ch���c�"�� in ���ing �/ (n implici� �u--i� ��""�, �h"�" 0ill b" no "dg" 0i�h b (o� q o� �n� o�h"� 

Gi'"n � ���ing � o- l"ng�h m, "n�"� � �ingl" "dg" -o� �u--i� �Cl //mDb (�h" "n�i�" ���ing  in�o �h" ��"", �h"n �ucc"��i'"l� 

d"no�" �h" in�"�m"di��" ��"" �h�� 

(- i� i� in �h" middl" o- �n "dg" (u, ' , b�"�$ �h" "dg" (u, '  in�o �0o "dg"� b� in�"��ing � n"0 nod" 0 >u�� 

�-�"� �h" l��� ch���c�"� on �h" "dg" �h�� m��ch"d � ch���c�"� in �CiFl//mD �nd >u�� b"-o�" �h" -i��� ch���c�"� 

h�� mi�m��ch"d/ Th" n"0 "dg" (u, 0  i� l�b"ll"d 0i�h �h" p��� o- �h" (u, '  l�b"l �h�� m��ch"d 

0i�h �CiF6//mD, �nd �h" n"0 "dg" (0, '  i� l�b"ll"d 0i�h �h" �"m�ining p��� o- �h" (u, '  l�b"l/ 

i� l�b"l� �h" n"0 "dg" 0i�h �h" unm��ch"d 

Follo0ing ��" -"0 ��"p� �o build �u--i� ��"" b��"d -o� ���ing j��b��bk b��"d on �bo'" �lgo�i�hmH 

 

 

Whil" g"n"���ing �u--i� ��"" u�ing )$$on"n*� �lgo�i�hm, 0" 0ill �"" implici� �u--i� ��"" in in�"�m"di��" ��"p� -"0 

�im"� d"p"nding on ch���c�"�� in ���ing �/ (n implici� �u--i� ��""�, �h"�" 0ill b" no "dg" 0i�h b (o� q o� �n� o�h"� 



 

 

�"�min��ion ch���c�"�  l�b"l �nd no in�"�n�l nod" 0i�h onl� on" "dg" going ou� o- i�/

To g"� implici� �u--i� ��"" -�om � �u--i� ��"" �b,

• 9"mo'" �ll �"�min�l ��mbol b -�om �h" "dg" l�b"l� o- �h" ��"",

• 9"mo'" �n� "dg" �h�� h�� no l�b"l

• 9"mo'" �n� nod" �h�� h�� onl� on" "

 

 

Ri"h Le el Description of U##onenjs al"orithm

U##onenjs al"orithm con���uc�� �n implici� �u--i� ��"" T

(� -i��� build� T6 u�ing 6�� ch���c�"�, �h"n T

(mplici� �u--i� ��"" TiF6 i� buil� on �op o- implici� �u--i� ��"" T

Th" ��u" �u--i� ��"" -o� � i� buil� -�om Tm 

�� �n� �im", )$$on"n*� �lgo�i�hm build� �h" �u--i� ��"" -o� �h" ch

�h�� m�� b" u�"-ul in �om" �i�u��ion�/ 

Tim" ��$"n i� 8(m / 

 

U##onenjs al"orithm i� di'id"d in�o m ph��"� (on" ph��" -o� "�ch ch���c�"� in �h" ���ing 0i�h l"ng�h m 

(n ph��" iF6, ��"" TiF6 i� buil� -�om ��"" T

 

+�ch ph��" iF6 i� -u��h"� di'id"d in�o iF6 "��"n�ion�, on" -o� "�ch o- �h" iF6 �u--i�"� o- �C6//iF6D

(n "��"n�ion > o- ph��" iF6, �h" �lgo�i�hm -i��� -ind� �h" "nd o- �h" p��h -�om �h" �oo� l�b"ll"d 0i�h �ub���ing �C>//iD/

(� �h"n "��"nd� �h" �ub���ing b� �dding �h" ch���c�"� �(iF6  �o i�� "nd (i- i� i� no� �h"�" �l�"�d� /

(n "��"n�ion 6 o- ph��" iF6, 0" pu� ���ing �C6//iF6D in �h" ��""/ H"�" �C6//iD 0ill �l�"�d� b" p�"�"n� in ��"" du" �o 

p�"'iou� ph��" i/ W" >u�� n""d �o �dd �CiF6D�h ch���c�"� in �

(n "��"n�ion < o- ph��" iF6, 0" pu� ���ing �C<//iF6D in �h" ��""/ H"�" �C<//iD 0ill �l�"�d� b" p�"�"n� in ��"" du" �o 

p�"'iou� ph��" i/ W" >u�� n""d �o �dd �CiF6D�h ch���c�"� in ��"" (i- no� �h"�" �l�"�d� 

(n "��"n�ion B o- ph��" iF6, 0" pu� ���ing �CB//iF6D in �h" ��""/ H"�" �CB//iD 0ill �l�"�d� b" p�"�"n� in ��"" du" �o 

p�"'iou� ph��" i/ W" >u�� n""d �o �dd �CiF6D�h ch���c�"� in ��"" (i- no� �h"�" �l�"�d� 

/ 

/ 

(n "��"n�ion iF6 o- ph��" iF6, 0" pu� ���ing �CiF6//iF6D in �h" ��""

(i- ch���c�"� i� �""n -i��� �im" �o -�� / (- �o, 0" >u�� �dd � n"0 l"�- "dg" 0i�h l�b"l �CiF6D/

 

Ri"h Le el U##onenjs al"orithm 

6onstr&ct tree :5 

\or i from 5 to m-5 %o 

'e"in >phase iG5B 

          \or T from 5 to iG5 

                    'e"in >e-tension TB 

                    \in% the en% of the path from the root la'elle% 9.T00i/ in the c&rrent tree0

                    E-ten% that path 'y a%%in" character 9.iGl/ if it is not there alrea%y

h���c�"�  l�b"l �nd no in�"�n�l nod" 0i�h onl� on" "dg" going ou� o- i�/ 

To g"� implici� �u--i� ��"" -�om � �u--i� ��"" �b, 

9"mo'" �ll �"�min�l ��mbol b -�om �h" "dg" l�b"l� o- �h" ��"", 

9"mo'" �n� "dg" �h�� h�� no l�b"l 

9"mo'" �n� nod" �h�� h�� onl� on" "dg" going ou� o- i� �nd m"�g" �h" "dg"�/ 

 

Ri"h Le el Description of U##onenjs al"orithm 

con���uc�� �n implici� �u--i� ��"" Ti -o� "�ch p�"-i� �Cl //iD o- � (o- l"ng�h m /

ch���c�"�, �h"n T< u�ing <nd ch���c�"�, �h"n TB u�ing B�d ch���c�"�, ;, T

F6 i� buil� on �op o- implici� �u--i� ��"" Ti/ 

 b� �dding b/ 

�� �n� �im", )$$on"n*� �lgo�i�hm build� �h" �u--i� ��"" -o� �h" ch���c�"�� �""n �o -�� �nd �o i� h��

i� di'id"d in�o m ph��"� (on" ph��" -o� "�ch ch���c�"� in �h" ���ing 0i�h l"ng�h m 

"" Ti/ 

+�ch ph��" iF6 i� -u��h"� di'id"d in�o iF6 "��"n�ion�, on" -o� "�ch o- �h" iF6 �u--i�"� o- �C6//iF6D

(n "��"n�ion > o- ph��" iF6, �h" �lgo�i�hm -i��� -ind� �h" "nd o- �h" p��h -�om �h" �oo� l�b"ll"d 0i�h �ub���ing �C>//iD/

�ing b� �dding �h" ch���c�"� �(iF6  �o i�� "nd (i- i� i� no� �h"�" �l�"�d� /

(n "��"n�ion 6 o- ph��" iF6, 0" pu� ���ing �C6//iF6D in �h" ��""/ H"�" �C6//iD 0ill �l�"�d� b" p�"�"n� in ��"" du" �o 

p�"'iou� ph��" i/ W" >u�� n""d �o �dd �CiF6D�h ch���c�"� in ��"" (i- no� �h"�" �l�"�d� / 

(n "��"n�ion < o- ph��" iF6, 0" pu� ���ing �C<//iF6D in �h" ��""/ H"�" �C<//iD 0ill �l�"�d� b" p�"�"n� in ��"" du" �o 

p�"'iou� ph��" i/ W" >u�� n""d �o �dd �CiF6D�h ch���c�"� in ��"" (i- no� �h"�" �l�"�d�  

" iF6, 0" pu� ���ing �CB//iF6D in �h" ��""/ H"�" �CB//iD 0ill �l�"�d� b" p�"�"n� in ��"" du" �o 

p�"'iou� ph��" i/ W" >u�� n""d �o �dd �CiF6D�h ch���c�"� in ��"" (i- no� �h"�" �l�"�d�  

(n "��"n�ion iF6 o- ph��" iF6, 0" pu� ���ing �CiF6//iF6D in �h" ��""/ Thi� i� >u�� on" ch���c�"� 0hich m�� no� b" in ��"" 

(i- ch���c�"� i� �""n -i��� �im" �o -�� / (- �o, 0" >u�� �dd � n"0 l"�- "dg" 0i�h l�b"l �CiF6D/ 

\in% the en% of the path from the root la'elle% 9.T00i/ in the c&rrent tree0 

E-ten% that path 'y a%%in" character 9.iGl/ if it is not there alrea%y 

-o� "�ch p�"-i� �Cl //iD o- � (o- l"ng�h m / 

ch���c�"�, ;, Tm u�ing m�h ch���c�"�/ 

���c�"�� �""n �o -�� �nd �o i� h�� on-line p�op"��� 

i� di'id"d in�o m ph��"� (on" ph��" -o� "�ch ch���c�"� in �h" ���ing 0i�h l"ng�h m  

+�ch ph��" iF6 i� -u��h"� di'id"d in�o iF6 "��"n�ion�, on" -o� "�ch o- �h" iF6 �u--i�"� o- �C6//iF6D 

(n "��"n�ion > o- ph��" iF6, �h" �lgo�i�hm -i��� -ind� �h" "nd o- �h" p��h -�om �h" �oo� l�b"ll"d 0i�h �ub���ing �C>//iD/ 

�ing b� �dding �h" ch���c�"� �(iF6  �o i�� "nd (i- i� i� no� �h"�" �l�"�d� / 

(n "��"n�ion 6 o- ph��" iF6, 0" pu� ���ing �C6//iF6D in �h" ��""/ H"�" �C6//iD 0ill �l�"�d� b" p�"�"n� in ��"" du" �o 

(n "��"n�ion < o- ph��" iF6, 0" pu� ���ing �C<//iF6D in �h" ��""/ H"�" �C<//iD 0ill �l�"�d� b" p�"�"n� in ��"" du" �o 

" iF6, 0" pu� ���ing �CB//iF6D in �h" ��""/ H"�" �CB//iD 0ill �l�"�d� b" p�"�"n� in ��"" du" �o 

/ Thi� i� >u�� on" ch���c�"� 0hich m�� no� b" in ��"" 

 



 

 

          en%L 

en%L 

 

�u--i� "��"n�ion i� �ll �bou� �dding �h" n"�� ch���c�"� in�o �h" �u--i� ��"" buil� �o -��/

(n "��"n�ion > o- ph��" iF6, �lgo�i�hm -ind� �h" "nd o- �C>//iD (0hich i� �l�"�d� in �h" ��"" du" �o p�"'iou� ph��" i  �nd 

�h"n i� "��"nd� �C>//iD �o b" �u�" �h" �u--i� �C>//iF6D i� in �h" ��""/

 

Th"�" ��" B "��"n�ion �ul"�H 

X&le 5H (- �h" p��h -�om �h" �oo� l�b"ll"d �C>//iD "nd� �� l"�- "dg" (i/"/ �CiD i� l��� ch���c�"� on l"�- "dg"  �h"n ch���c�"� 

�CiF6D i� >u�� �dd"d �o �h" "nd o- �h" l�b"l on �h�� l"�- "dg

 

X&le IH (- �h" p��h -�om �h" �oo� l�b"ll"d �C>//iD "nd� �� non

p��h  �nd n"�� ch���c�"� i� no� �CiF6D, �h"n � n"0 l"�- "dg" 0i�h l�b"l �niF6D �nd numb"� > i� c�"��"d �����ing -�om 

ch���c�"� �CiF6D/ 

� n"0 in�"�n�l nod" 0ill �l�o b" c�"��"d i- �C6//iD "nd� in�id" (in

 

X&le ,H (- �h" p��h -�om �h" �oo� l�b"ll"d �C>//iD "nd� �� non

p��h  �nd n"�� ch���c�"� i� �CiF6D (�l�"�d� in ��"" , do no�hing/

 

8n" impo���n� poin� �o no�" h"�" i� �h�� -�om � gi'"n nod" (�oo� o� in�"�n�l , �h"�" 0ill b" on" �nd onl� on" "dg" 

�����ing -�om on" ch���c�"�/ Th"�" 0ill no� b" mo�" �h�n on" "dg"� going ou� o- �n� nod", �����ing 0i�h ��m" 

ch���c�"�/ 

Follo0ing i� � ��"p b� ��"p �u--i� ��"" con���uc�ion o- ���ing ��b��c u�ing )$$on"n*� �lgo�i�hmH

 

�u--i� "��"n�ion i� �ll �bou� �dding �h" n"�� ch���c�"� in�o �h" �u--i� ��"" buil� �o -��/ 

(n "��"n�ion > o- ph��" iF6, �lgo�i�hm -ind� �h" "nd o- �C>//iD (0hich i� �l�"�d� in �h" ��"" du" �o p�"'iou� ph��" i  �nd 

�h" �u--i� �C>//iF6D i� in �h" ��""/ 

H (- �h" p��h -�om �h" �oo� l�b"ll"d �C>//iD "nd� �� l"�- "dg" (i/"/ �CiD i� l��� ch���c�"� on l"�- "dg"  �h"n ch���c�"� 

�CiF6D i� >u�� �dd"d �o �h" "nd o- �h" l�b"l on �h�� l"�- "dg"/ 

H (- �h" p��h -�om �h" �oo� l�b"ll"d �C>//iD "nd� �� non-l"�- "dg" (i/"/ �h"�" ��" mo�" ch���c�"�� �-�"� �CiD on 

p��h  �nd n"�� ch���c�"� i� no� �CiF6D, �h"n � n"0 l"�- "dg" 0i�h l�b"l �niF6D �nd numb"� > i� c�"��"d �����ing -�om 

� n"0 in�"�n�l nod" 0ill �l�o b" c�"��"d i- �C6//iD "nd� in�id" (in-b"�0""n  � non-l"�- "dg"/

H (- �h" p��h -�om �h" �oo� l�b"ll"d �C>//iD "nd� �� non-l"�- "dg" (i/"/ �h"�" ��" mo�" ch���c�"�� �-�"� �CiD on 

�d� in ��"" , do no�hing/ 

8n" impo���n� poin� �o no�" h"�" i� �h�� -�om � gi'"n nod" (�oo� o� in�"�n�l , �h"�" 0ill b" on" �nd onl� on" "dg" 

�����ing -�om on" ch���c�"�/ Th"�" 0ill no� b" mo�" �h�n on" "dg"� going ou� o- �n� nod", �����ing 0i�h ��m" 

Follo0ing i� � ��"p b� ��"p �u--i� ��"" con���uc�ion o- ���ing ��b��c u�ing )$$on"n*� �lgo�i�hmH

 

 

(n "��"n�ion > o- ph��" iF6, �lgo�i�hm -ind� �h" "nd o- �C>//iD (0hich i� �l�"�d� in �h" ��"" du" �o p�"'iou� ph��" i  �nd 

H (- �h" p��h -�om �h" �oo� l�b"ll"d �C>//iD "nd� �� l"�- "dg" (i/"/ �CiD i� l��� ch���c�"� on l"�- "dg"  �h"n ch���c�"� 

l"�- "dg" (i/"/ �h"�" ��" mo�" ch���c�"�� �-�"� �CiD on 

p��h  �nd n"�� ch���c�"� i� no� �CiF6D, �h"n � n"0 l"�- "dg" 0i�h l�b"l �niF6D �nd numb"� > i� c�"��"d �����ing -�om 

l"�- "dg"/ 

l"�- "dg" (i/"/ �h"�" ��" mo�" ch���c�"�� �-�"� �CiD on 

8n" impo���n� poin� �o no�" h"�" i� �h�� -�om � gi'"n nod" (�oo� o� in�"�n�l , �h"�" 0ill b" on" �nd onl� on" "dg" 

�����ing -�om on" ch���c�"�/ Th"�" 0ill no� b" mo�" �h�n on" "dg"� going ou� o- �n� nod", �����ing 0i�h ��m" 

Follo0ing i� � ��"p b� ��"p �u--i� ��"" con���uc�ion o- ���ing ��b��c u�ing )$$on"n*� �lgo�i�hmH 

 

 



 

 

 

(n �u--i� T�"" Con���uc�ion o- ���ing � o- l"ng�h m, �h"�" ��" m ph��"� �nd -o� � ph��" > (6 W5 > W5 m , 0" �dd 

>�h ch���c�"� in ��"" buil� �o -�� �nd �hi� i� don" �h�ough > "��"n�ion�/ �ll "��"n�ion� -ollo0 on" o- �h" �h�"" 

"��"n�ion �ul"�  

To do >�h "��"n�ion o- ph��" iF6 (�dding ch���c�"� �CiF6D , 0" -i��� n""d �o -ind "nd o- �h" p��h -�om �h" �oo� 

l�b"ll"d �C>//iD in �h" cu��"n� ��""/ 8n" 0�� i� ����� -�om �oo� �nd ���'"��" �h" "dg"� m��ching �C>//iD ���ing/ Thi� 0ill 

��$" 8(mB  �im" �o build �h" �u--i� ��""/ )�ing -"0 ob�"�'��ion� �nd impl"m"n���ion ��ic$�, i� c�n b" don" in 8(m  

0hich 0" 0ill �"" no0/ 

 

9&ffi- lin#s 

Fo� �n in�"�n�l nod" ' 0i�h p��h-l�b"l ��, 0h"�" � d"no�"� � �ingl" ch���c�"� �nd � d"no�"� � (po��ibl� "mp��  

�ub���ing, i- �h"�" i� �no�h"� nod" �('  0i�h p��h

(- � i� "mp�� ���ing, �u--i� lin$ -�om in�"�n�l nod"

Th"�" 0ill no� b" �n� �u--i� lin$ -�om �oo� nod" (�� i�*� no� con�id"�"d �� in�"�n�l nod" /

(n "��"n�ion > o- �om" ph��" i, i- � n"0 in�"�n�l nod" ' 0i�h p��h

ph��" iH 

• +i�h"� �h" p��h l�b"ll"d � �l�"�d� "nd� �� �n in�"�n�l nod" (o� �oo� nod" i- � i� "mp�� 

• 89 � n"0 in�"�n�l nod" �� �h" "nd o- ���ing � 0ill b" c�"��"d

(n "��"n�ion >F6 o- ��m" ph��" i, 0" 0ill c�"��" � �u--i� lin$ -�om �h" in�"�n�l nod" c�"��"d in >�h

nod" 0i�h p��h l�b"ll"d �/ 

 

(n �u--i� T�"" Con���uc�ion o- ���ing � o- l"ng�h m, �h"�" ��" m ph��"� �nd -o� � ph��" > (6 W5 > W5 m , 0" �dd 

�o -�� �nd �hi� i� don" �h�ough > "��"n�ion�/ �ll "��"n�ion� -ollo0 on" o- �h" �h�"" 

"��"n�ion o- ph��" iF6 (�dding ch���c�"� �CiF6D , 0" -i��� n""d �o -ind "nd o- �h" p��h -�om �h" �oo� 

0�� i� ����� -�om �oo� �nd ���'"��" �h" "dg"� m��ching �C>//iD ���ing/ Thi� 0ill 

��$" 8(mB  �im" �o build �h" �u--i� ��""/ )�ing -"0 ob�"�'��ion� �nd impl"m"n���ion ��ic$�, i� c�n b" don" in 8(m  

l�b"l ��, 0h"�" � d"no�"� � �ingl" ch���c�"� �nd � d"no�"� � (po��ibl� "mp��  

�ub���ing, i- �h"�" i� �no�h"� nod" �('  0i�h p��h-l�b"l �, �h"n � poin�"� -�om ' �o �('  i� c�ll"d � �u--i� lin$/

(- � i� "mp�� ���ing, �u--i� lin$ -�om in�"�n�l nod" 0ill go �o �oo� nod"/ 

Th"�" 0ill no� b" �n� �u--i� lin$ -�om �oo� nod" (�� i�*� no� con�id"�"d �� in�"�n�l nod" / 

(n "��"n�ion > o- �om" ph��" i, i- � n"0 in�"�n�l nod" ' 0i�h p��h-l�b"l �� i� �dd"d, �h"n in "��"n�ion >F6 in �h" ��m" 

p��h l�b"ll"d � �l�"�d� "nd� �� �n in�"�n�l nod" (o� �oo� nod" i- � i� "mp�� 

89 � n"0 in�"�n�l nod" �� �h" "nd o- ���ing � 0ill b" c�"��"d 

(n "��"n�ion >F6 o- ��m" ph��" i, 0" 0ill c�"��" � �u--i� lin$ -�om �h" in�"�n�l nod" c�"��"d in >�h

 

(n �u--i� T�"" Con���uc�ion o- ���ing � o- l"ng�h m, �h"�" ��" m ph��"� �nd -o� � ph��" > (6 W5 > W5 m , 0" �dd 

�o -�� �nd �hi� i� don" �h�ough > "��"n�ion�/ �ll "��"n�ion� -ollo0 on" o- �h" �h�"" 

"��"n�ion o- ph��" iF6 (�dding ch���c�"� �CiF6D , 0" -i��� n""d �o -ind "nd o- �h" p��h -�om �h" �oo� 

0�� i� ����� -�om �oo� �nd ���'"��" �h" "dg"� m��ching �C>//iD ���ing/ Thi� 0ill 

��$" 8(mB  �im" �o build �h" �u--i� ��""/ )�ing -"0 ob�"�'��ion� �nd impl"m"n���ion ��ic$�, i� c�n b" don" in 8(m  

l�b"l ��, 0h"�" � d"no�"� � �ingl" ch���c�"� �nd � d"no�"� � (po��ibl� "mp��  

l�b"l �, �h"n � poin�"� -�om ' �o �('  i� c�ll"d � �u--i� lin$/ 

 

 
l�b"l �� i� �dd"d, �h"n in "��"n�ion >F6 in �h" ��m" 

p��h l�b"ll"d � �l�"�d� "nd� �� �n in�"�n�l nod" (o� �oo� nod" i- � i� "mp��  

(n "��"n�ion >F6 o- ��m" ph��" i, 0" 0ill c�"��" � �u--i� lin$ -�om �h" in�"�n�l nod" c�"��"d in >�h "��"n�ion �o �h" 



 

 

�o in � gi'"n ph��", �n� n"0l� c�"��"d in�"�n�l nod" (0i�h p��h

�no�h"� nod" 0i�h p��h-l�b"l �  b� �h" "nd o- �h" n"�� "��"n�ion/

(n �n� implici� �u--i� ��"" Ti �-�"� ph��" i, i- in�"�n�l nod" ' h�� p��h

l�b"l � �nd nod" ' 0ill poin� �o nod" �('  u�ing �u--i� lin$/

�� �n� �im", �ll in�"�n�l nod"� in �h" ch�nging ��"" 0ill h�'" �u--i� lin$� -�om �h"m �o �no�h"� in�"�n�l nod

"�c"p� -o� �h" mo�� �"c"n�l� �dd"d in�"�n�l nod", 0hich 0ill �"c"i'" i�� �u--i� lin$ b� �h" "nd o- �h" n"�� "��"n�ion/

Ho0 �u--i� lin$� ��" u�"d �o �p""d up �h" impl"m"n���ion1

(n "��"n�ion > o- ph��" iF6, 0" n""d �o -ind �h" "nd o- �h" p��h -�

0�� i� ����� -�om �oo� �nd ���'"��" �h" "dg"� m��ching �C>//iD ���ing/ �u--i� lin$� p�o'id" � �ho�� cu� �o -ind "nd o- �h" 

p��h/ 

�o 0" c�n �"" �h��, �o -ind "nd o- p��h �C>//iD, 0" n""d no� ���'"��"

6//iD, 0�l$ up on" "dg" �o nod" ' (i/"/ go �o p��"n� nod" , -ollo0 �h" �u--i� lin$ �o �(' , �h"n 0�l$ do0n �h" p��h � 

(0hich i� �bcd h"�" in Figu�" 6[ / 

Thi� �ho0� �h" u�" o- �u--i� lin$ i� �n imp�o'"m"n� o

�o�"H (n �h" n"�� p��� B, 0" 0ill in��oduc" �c�i'"�oin� 0hich 0ill h"lp �o �'oid j0�l$ upk/ W" c�n di�"c�l� go �o nod" 

�('  -�om nod" '/ 

 

Wh"n �h"�" i� � �u--i� lin$ -�om nod" ' �o nod" �(' , �h"n i- �h"�" i� � p��h l�b"ll"d 0i�h ���ing � 

l"�-, �h"n �h"�" mu�� b" � p��h l�b"ll"d 0i�h ���ing � -�om nod" �('  �o � l"�-/ (n Figu�" 6[, �h"�" i� � p��h l�b"l 

j�bcdk -�om nod" ' �o � l"�-, �h"n �h"�" i� � p��h 0ill ��m" l�b"l j�bcdk -�om nod" �('  �o � l"�-/

Thi� -�c� c�n b" u�"d �o imp�o'" �h" 0�l$ -�om �('  �o l"�- �long �h" p��h �/ Thi� i� c�ll"d j�$ipJcoun�k ��ic$/

 

�o in � gi'"n ph��", �n� n"0l� c�"��"d in�"�n�l nod" (0i�h p��h-l�b"l ��  0ill h�'" � �u--i� lin$ -�om i� (poin�ing �o 

l�b"l �  b� �h" "nd o- �h" n"�� "��"n�ion/ 

" i, i- in�"�n�l nod" ' h�� p��h-l�b"l ��, �h"n �h"�" i� � nod" �('  in Ti

l�b"l � �nd nod" ' 0ill poin� �o nod" �('  u�ing �u--i� lin$/ 

�� �n� �im", �ll in�"�n�l nod"� in �h" ch�nging ��"" 0ill h�'" �u--i� lin$� -�om �h"m �o �no�h"� in�"�n�l nod

"�c"p� -o� �h" mo�� �"c"n�l� �dd"d in�"�n�l nod", 0hich 0ill �"c"i'" i�� �u--i� lin$ b� �h" "nd o- �h" n"�� "��"n�ion/

Ho0 �u--i� lin$� ��" u�"d �o �p""d up �h" impl"m"n���ion1 

(n "��"n�ion > o- ph��" iF6, 0" n""d �o -ind �h" "nd o- �h" p��h -�om �h" �oo� l�b"ll"d �C>//iD in �h" cu��"n� ��""/ 8n" 

0�� i� ����� -�om �oo� �nd ���'"��" �h" "dg"� m��ching �C>//iD ���ing/ �u--i� lin$� p�o'id" � �ho�� cu� �o -ind "nd o- �h" 

�o 0" c�n �"" �h��, �o -ind "nd o- p��h �C>//iD, 0" n""d no� ���'"��" -�om �oo�/ W" c�n ����� -�om �h" "nd o- p��h �C>

6//iD, 0�l$ up on" "dg" �o nod" ' (i/"/ go �o p��"n� nod" , -ollo0 �h" �u--i� lin$ �o �(' , �h"n 0�l$ do0n �h" p��h � 

Thi� �ho0� �h" u�" o- �u--i� lin$ i� �n imp�o'"m"n� o'"� �h" p�oc"��/ 

�o�"H (n �h" n"�� p��� B, 0" 0ill in��oduc" �c�i'"�oin� 0hich 0ill h"lp �o �'oid j0�l$ upk/ W" c�n di�"c�l� go �o nod" 

Wh"n �h"�" i� � �u--i� lin$ -�om nod" ' �o nod" �(' , �h"n i- �h"�" i� � p��h l�b"ll"d 0i�h ���ing � 

l"�-, �h"n �h"�" mu�� b" � p��h l�b"ll"d 0i�h ���ing � -�om nod" �('  �o � l"�-/ (n Figu�" 6[, �h"�" i� � p��h l�b"l 

j�bcdk -�om nod" ' �o � l"�-, �h"n �h"�" i� � p��h 0ill ��m" l�b"l j�bcdk -�om nod" �('  �o � l"�-/

�o imp�o'" �h" 0�l$ -�om �('  �o l"�- �long �h" p��h �/ Thi� i� c�ll"d j�$ipJcoun�k ��ic$/

l�b"l ��  0ill h�'" � �u--i� lin$ -�om i� (poin�ing �o 

l�b"l ��, �h"n �h"�" i� � nod" �('  in Ti 0i�h p��h-

�� �n� �im", �ll in�"�n�l nod"� in �h" ch�nging ��"" 0ill h�'" �u--i� lin$� -�om �h"m �o �no�h"� in�"�n�l nod" (o� �oo�  

"�c"p� -o� �h" mo�� �"c"n�l� �dd"d in�"�n�l nod", 0hich 0ill �"c"i'" i�� �u--i� lin$ b� �h" "nd o- �h" n"�� "��"n�ion/ 

om �h" �oo� l�b"ll"d �C>//iD in �h" cu��"n� ��""/ 8n" 

0�� i� ����� -�om �oo� �nd ���'"��" �h" "dg"� m��ching �C>//iD ���ing/ �u--i� lin$� p�o'id" � �ho�� cu� �o -ind "nd o- �h" 

 

 
-�om �oo�/ W" c�n ����� -�om �h" "nd o- p��h �C>-

6//iD, 0�l$ up on" "dg" �o nod" ' (i/"/ go �o p��"n� nod" , -ollo0 �h" �u--i� lin$ �o �(' , �h"n 0�l$ do0n �h" p��h � 

�o�"H (n �h" n"�� p��� B, 0" 0ill in��oduc" �c�i'"�oin� 0hich 0ill h"lp �o �'oid j0�l$ upk/ W" c�n di�"c�l� go �o nod" 

Wh"n �h"�" i� � �u--i� lin$ -�om nod" ' �o nod" �(' , �h"n i- �h"�" i� � p��h l�b"ll"d 0i�h ���ing � -�om nod" ' �o � 

l"�-, �h"n �h"�" mu�� b" � p��h l�b"ll"d 0i�h ���ing � -�om nod" �('  �o � l"�-/ (n Figu�" 6[, �h"�" i� � p��h l�b"l 

j�bcdk -�om nod" ' �o � l"�-, �h"n �h"�" i� � p��h 0ill ��m" l�b"l j�bcdk -�om nod" �('  �o � l"�-/ 

�o imp�o'" �h" 0�l$ -�om �('  �o l"�- �long �h" p��h �/ Thi� i� c�ll"d j�$ipJcoun�k ��ic$/ 



 

 

9#ipO6o&nt :ric# 

Wh"n 0�l$ing do0n -�om nod" �('  �o l"�-, in��"�d o- m��ching p��h ch���c�"� b� ch���c�"� �� 0" ���'"l, 0" c�n 

di�"c�l� �$ip �o �h" n"�� nod" i- numb"� o- ch���c�"�� on �h" "dg" i� l"�� �h�n �h" numb"� o- ch���c�"�� 0" n""d �o 

���'"l/ (- numb"� o- ch���c�"�� on �h" "dg" i� mo�" �h�n �h" numb"� o- ch���c�"�� 0" n""d �o ���'"l, 0" di�"c�l� �$ip 

�o �h" l��� ch���c�"� on �h�� "dg"/ 

(- impl"m"n���ion i� �uch � 0�� �h�� numb"� o- ch���c�"�� on �n� "dg", ch���c�"� �� � gi'"n po�i�ion in ���ing � 

�hould b" ob��in"d in con���n� �im", �h"n �$ipJcoun� ��ic$ 0ill do �h" 0�l$ do0n in p�opo��ion�l �o �h" numb"� o- 

nod"� on i� ���h"� �h�n �h" numb"� o- ch���c�"�� on

)�ing �u--i� lin$ �long 0i�h �$ipJcoun� ��ic$, �u--i� ��"" c�n b" buil� in 8(m

��$"� 8(m / 

 

E%"e-la'el compression 

�o -��, p��h l�b"l� ��" �"p�"�"n�"d �� ch���c�"�� in ���ing/ �uch � �u--i� ��"" 0ill ��$" 8(m

l�b"l�/ To �'oid �hi�, 0" c�n u�" �0o p�i� o- indic"� (�����, "nd  on "�ch "dg" -o� p��h l�b"l�, in��"�d o- �ub���ing 

i��"l-/ Th" indic"� ����� �nd "nd �"ll� �h" p��h l�b"l ����� �nd "nd po�i�ion in ���ing �/ Wi�h �hi�, �u--i� ��""

�p�c"/ 

Th"�" ��" �0o ob�"�'��ion� �bou� �h" 0�� "��"n�ion �ul"� in�"��c� in �ucc"��i'" "��"n�ion� �nd ph��"�/ Th"�" �0o 

ob�"�'��ion� l"�d �o �0o mo�" impl"m"n���ion ��ic$� (-i��� ��ic$ j�$ipJcoun�k i� �""n �l�"�d� 0hil" 0�l$ do0n /

 

O'ser ation 5: X&le , is sho! stopper 

(n � ph��" i, �h"�" ��" i "��"n�ion� (6 �o i  �o b" don"/

Wh"n �ul" B �ppli"� in �n� "��"n�ion > o- ph��" iF6 (i/"/ p��h l�b"ll"d �C>//iD con�inu"� 0i�h ch���c�"� �CiF6D , �h"n i� 

0ill �l�o �ppl� in �ll -u��h"� "��"n�ion� o- ��

l�b"ll"d �C>//iD con�inu"� 0i�h ch���c�"� �CiF6D, �h"n p��h l�b"ll"d �C>F6//iD, �C>F<//iD, �C>FB//iD,;, �Ci//iD 0ill �l�o con

Wh"n 0�l$ing do0n -�om nod" �('  �o l"�-, in��"�d o- m��ching p��h ch���c�"� b� ch���c�"� �� 0" ���'"l, 0" c�n 

mb"� o- ch���c�"�� on �h" "dg" i� l"�� �h�n �h" numb"� o- ch���c�"�� 0" n""d �o 

���'"l/ (- numb"� o- ch���c�"�� on �h" "dg" i� mo�" �h�n �h" numb"� o- ch���c�"�� 0" n""d �o ���'"l, 0" di�"c�l� �$ip 

uch � 0�� �h�� numb"� o- ch���c�"�� on �n� "dg", ch���c�"� �� � gi'"n po�i�ion in ���ing � 

�hould b" ob��in"d in con���n� �im", �h"n �$ipJcoun� ��ic$ 0ill do �h" 0�l$ do0n in p�opo��ion�l �o �h" numb"� o- 

nod"� on i� ���h"� �h�n �h" numb"� o- ch���c�"�� on i�/ 

)�ing �u--i� lin$ �long 0i�h �$ipJcoun� ��ic$, �u--i� ��"" c�n b" buil� in 8(m<  �� �h"�" ��" m ph��"� �nd "�ch ph��" 

�o -��, p��h l�b"l� ��" �"p�"�"n�"d �� ch���c�"�� in ���ing/ �uch � �u--i� ��"" 0ill ��$" 8(m

l�b"l�/ To �'oid �hi�, 0" c�n u�" �0o p�i� o- indic"� (�����, "nd  on "�ch "dg" -o� p��h l�b"l�, in��"�d o- �ub���ing 

i��"l-/ Th" indic"� ����� �nd "nd �"ll� �h" p��h l�b"l ����� �nd "nd po�i�ion in ���ing �/ Wi�h �hi�, �u--i� ��""

Th"�" ��" �0o ob�"�'��ion� �bou� �h" 0�� "��"n�ion �ul"� in�"��c� in �ucc"��i'" "��"n�ion� �nd ph��"�/ Th"�" �0o 

ob�"�'��ion� l"�d �o �0o mo�" impl"m"n���ion ��ic$� (-i��� ��ic$ j�$ipJcoun�k i� �""n �l�"�d� 0hil" 0�l$ do0n /

 

(n � ph��" i, �h"�" ��" i "��"n�ion� (6 �o i  �o b" don"/ 

Wh"n �ul" B �ppli"� in �n� "��"n�ion > o- ph��" iF6 (i/"/ p��h l�b"ll"d �C>//iD con�inu"� 0i�h ch���c�"� �CiF6D , �h"n i� 

0ill �l�o �ppl� in �ll -u��h"� "��"n�ion� o- ��m" ph��" (i/"/ "��"n�ion� >F6 �o iF6 in ph��" iF6 / Th��*� b"c�u�" i- p��h 

l�b"ll"d �C>//iD con�inu"� 0i�h ch���c�"� �CiF6D, �h"n p��h l�b"ll"d �C>F6//iD, �C>F<//iD, �C>FB//iD,;, �Ci//iD 0ill �l�o con

Wh"n 0�l$ing do0n -�om nod" �('  �o l"�-, in��"�d o- m��ching p��h ch���c�"� b� ch���c�"� �� 0" ���'"l, 0" c�n 

mb"� o- ch���c�"�� on �h" "dg" i� l"�� �h�n �h" numb"� o- ch���c�"�� 0" n""d �o 

���'"l/ (- numb"� o- ch���c�"�� on �h" "dg" i� mo�" �h�n �h" numb"� o- ch���c�"�� 0" n""d �o ���'"l, 0" di�"c�l� �$ip 

uch � 0�� �h�� numb"� o- ch���c�"�� on �n� "dg", ch���c�"� �� � gi'"n po�i�ion in ���ing � 

�hould b" ob��in"d in con���n� �im", �h"n �$ipJcoun� ��ic$ 0ill do �h" 0�l$ do0n in p�opo��ion�l �o �h" numb"� o- 

 
  �� �h"�" ��" m ph��"� �nd "�ch ph��" 

�o -��, p��h l�b"l� ��" �"p�"�"n�"d �� ch���c�"�� in ���ing/ �uch � �u--i� ��"" 0ill ��$" 8(m<  �p�c" �o ��o�" �h" p��h 

l�b"l�/ To �'oid �hi�, 0" c�n u�" �0o p�i� o- indic"� (�����, "nd  on "�ch "dg" -o� p��h l�b"l�, in��"�d o- �ub���ing 

i��"l-/ Th" indic"� ����� �nd "nd �"ll� �h" p��h l�b"l ����� �nd "nd po�i�ion in ���ing �/ Wi�h �hi�, �u--i� ��"" n""d� 8(m  

 
Th"�" ��" �0o ob�"�'��ion� �bou� �h" 0�� "��"n�ion �ul"� in�"��c� in �ucc"��i'" "��"n�ion� �nd ph��"�/ Th"�" �0o 

ob�"�'��ion� l"�d �o �0o mo�" impl"m"n���ion ��ic$� (-i��� ��ic$ j�$ipJcoun�k i� �""n �l�"�d� 0hil" 0�l$ do0n / 

Wh"n �ul" B �ppli"� in �n� "��"n�ion > o- ph��" iF6 (i/"/ p��h l�b"ll"d �C>//iD con�inu"� 0i�h ch���c�"� �CiF6D , �h"n i� 

m" ph��" (i/"/ "��"n�ion� >F6 �o iF6 in ph��" iF6 / Th��*� b"c�u�" i- p��h 

l�b"ll"d �C>//iD con�inu"� 0i�h ch���c�"� �CiF6D, �h"n p��h l�b"ll"d �C>F6//iD, �C>F<//iD, �C>FB//iD,;, �Ci//iD 0ill �l�o con�inu" 



 

 

0i�h ch���c�"� �CiF6D/ 

Con�id"� Figu�" 66, Figu�"6< �nd Figu�" 6B in ���� 6 0h"�" 9ul" B i� �ppli"d/ 

 

(n Figu�" 66, j��bk i� �dd"d in ��"" �nd in Figu�" 6< (�h��" _ , 0" �dd n"�� ch���c�"� j�k/ (n �hi�, B "��"n�ion� ��" 

don" (0hich �dd� B �u--i�"� / L��� �u--i� j�k i� �l�"�d� p�"�"n� in ��""/ 

 

(n Figu�" 6B, 0" �dd ch���c�"� j�k in ��"" (�h��" d / Fi��� B �u--i�"� ��" �dd"d in ��"" �nd l��� �0o �u--i�"� j��k �nd 

j�k ��" �l�"�d� p�"�"n� in ��""/ Thi� �ho0� �h�� i- �u--i� �C>//iD p�"�"n� in ��"", �h"n �LL �h" �"m�ining �u--i�"� �C>F6//iD, 

�C>F<//iD, �C>FB//iD,;, �Ci//iD 0ill �l�o b" �h"�" in ��"" �nd no 0o�$ n""d"d �o �dd �ho�" �"m�ining �u--i�"�/ 

�o no mo�" 0o�$ n""d"d �o b" don" in �n� ph��" �� �oon �� �ul" B �ppli"� in �n� "��"n�ion in �h�� ph��"/ (- � n"0 

in�"�n�l nod" ' g"�� c�"��"d in "��"n�ion > �nd �ul" B �ppli"� in n"�� "��"n�ion >F6, �h"n 0" n""d �o �dd �u--i� lin$ 

-�om nod" ' �o cu��"n� nod" (i- 0" ��" on in�"�n�l nod"  o� �oo� nod"/ �c�i'"�od", 0hich 0ill b" di�cu��"d in p��� B, 

0ill h"lp 0hil" �"��ing �u--i� lin$�/ 

 

:ric# I 

��op �h" p�oc"��ing o- �n� ph��" �� �oon �� �ul" B �ppli"�/ �ll -u��h"� "��"n�ion� ��" �l�"�d� p�"�"n� in ��"" 

implici�l�/ 

 

O'ser ation I: Once a leaf, al!ays a leaf 

8nc" � l"�- i� c�"��"d �nd l�b"ll"d > (-o� �u--i� �����ing �� po�i�ion > in ���ing � , �h"n �hi� l"�- 0ill �l0��� b" � l"�- in 

�ucc"��i'" ph��"� �nd "��"n�ion�/ 8nc" � l"�- i� l�b"ll"d �� >, "��"n�ion �ul" 6 0ill �l0��� �ppl� �o "��"n�ion > in �ll 

�ucc"��i'" ph��"�/ 

Con�id"� Figu�" : �o Figu�" 6_ in ���� 6/ 

(n Figu�" 67 (�h��" < , 9ul" 6 i� �ppli"d on l"�- l�b"ll"d 6/ �-�"� �hi�, in �ll �ucc"��i'" ph��"�, �ul" 6 i� �l0��� �ppli"d 

on �hi� l"�-/ 

(n Figu�" 66 (�h��" B , 9ul" 6 i� �ppli"d on l"�- l�b"ll"d </ �-�"� �hi�, in �ll �ucc"��i'" ph��"�, �ul" 6 i� �l0��� �ppli"d 

on �hi� l"�-/ 

(n Figu�" 6< (�h��" _ , 9ul" 6 i� �ppli"d on l"�- l�b"ll"d B/ �-�"� �hi�, in �ll �ucc"��i'" ph��"�, �ul" 6 i� �l0��� �ppli"d 

on �hi� l"�-/ 

(n �n� ph��" i, �h"�" i� �n ini�i�l �"?u"nc" o- con�"cu�i'" "��"n�ion� 0h"�" �ul" 6 o� �ul" < ��" �ppli"d �nd �h"n �� 

�oon �� �ul" B i� �ppli"d, ph��" i "nd�/ 

�l�o �ul" < c�"��"� � n"0 l"�- �l0��� (�nd in�"�n�l nod" �om"�im"� / 

(- mi �"p�"�"n�� �h" l��� "��"n�ion in ph��" i 0h"n �ul" 6 o� < 0�� �ppli"d (i/" �-�"� i�h ph��", �h"�" 0ill b" mi l"�'"� 

l�b"ll"d 6, <, B, ;, mi  , �h"n mi W5 miF6 

mi 0ill b" "?u�l �o miF6 0h"n �h"�" ��" no n"0 l"�- c�"��"d in ph��" iF6 (i/" �ul" B i� �ppli"d in miF6 "��"n�ion  

(n Figu�" 66 (�h��" B , 9ul" 6 i� �ppli"d in 6�� �0o "��"n�ion� �nd 9ul" < i� �ppli"d in B�d "��"n�ion, �o h"�" mB 5 B 

(n Figu�" 6< (�h��" _ , no n"0 l"�- c�"��"d (9ul" 6 i� �ppli"d in 6�� B "��"n�ion� �nd �h"n �ul" B i� �ppli"d in _�h 

"��"n�ion 0hich "nd� �h" ph��" / H"�" m_ 5 B 5 mB 

(n Figu�" 6B (�h��" d , no n"0 l"�- c�"��"d (9ul" 6 i� �ppli"d in 6�� B "��"n�ion� �nd �h"n �ul" B i� �ppli"d in _�h 

"��"n�ion 0hich "nd� �h" ph��" / H"�" md 5 B 5 m_ 

mi 0ill b" l"�� �h�n miF6 0h"n -"0 n"0 l"�'"� ��" c�"��"d in ph��" iF6/ 

(n Figu�" 6_ (�h��" Q , n"0 l"�- c�"��"d (9ul" 6 i� �ppli"d in 6�� B "��"n�ion� �nd �h"n �ul" < i� �ppli"d in l��� B 

"��"n�ion 0hich "nd� �h" ph��" / H"�" mQ 5 Q T md 

�o 0" c�n �"" �h�� in ph��" iF6, onl� �ul" 6 0ill �ppl� in "��"n�ion� 6 �o mi (0hich �"�ll� do"�n*� n""d much 0o�$, c�n 

b" don" in con���n� �im" �nd �h��*� �h" ��ic$ B , "��"n�ion miF6 on0��d�, �ul" < m�� �ppl� �o 4"�o o� mo�" "��"n�ion� 

�nd �h"n -in�ll� �ul" B, 0hich "nd� �h" ph��"/ 

�o0 "dg" l�b"l� ��" �"p�"�"n�"d u�ing �0o indic"� (�����, "nd , -o� �n� l"�- "dg", "nd 0ill �l0��� b" "?u�l �o ph��" 

numb"� i/"/ -o� ph��" i, "nd 5 i -o� l"�- "dg"�, -o� ph��" iF6, "nd 5 iF6 -o� l"�- "dg"�/ 

 

:ric# , 

(n �n� ph��" i, l"�- "dg"� m�� loo$ li$" (p, i , (?, i , (�, i , ;/ 0h"�" p, ?, � ��" �����ing po�i�ion o- di--"�"n� "dg"� �nd i 

i� "nd po�i�ion o- �ll/ Th"n in ph��" iF6, �h"�" l"�- "dg"� 0ill loo$ li$" (p, iF6 , (?, iF6 , (�, iF6 ,;/ Thi� 0��, in "�ch 

ph��", "nd po�i�ion h�� �o b" inc�"m"n�"d in �ll l"�- "dg"�/ Fo� �hi�, 0" n""d �o ���'"��" �h�ough �ll l"�- "dg"� �nd 

inc�"m"n� "nd po�i�ion -o� �h"m/ To do ��m" �hing in con���n� �im", m�in��in � glob�l ind"� " �nd " 0ill b" "?u�l �o 



 

 

ph��" numb"�/ �o no0 l"�- "dg"� 0ill loo$ li$" (p, " , (?, " , (�, " // (n �n� ph��", >u�� inc�"m"n� " �nd "��"n�ion on �ll 

l"�- "dg"� 0ill b" don"/ Figu�" 6: �ho0� �hi�/

�o u�ing �u--i� lin$� �nd ��ic$� 6, < �nd B, � �u--i� ��"" c�n b" buil� in lin"�� �im"/

T�"" Tm could b" implici� ��"" i- � �u--i� i� p�"-i� o- �no�h"�/ �o 0" c�n �dd � b �"�min�l ��mbol -i��� �nd �h"n �un 

�lgo�i�hm �o g"� � ��u" �u--i� ��"" (� ��u" �u--i� ��"" con��in� �ll �u--i�"� "�plici�l� / To l�b"l "�ch l"�- 0i�h 

co��"�ponding �u--i� �����ing po�i�ion (�ll l"�'"� ��" l�b"ll"d �� glob�l ind"� " , � lin"�� �im" ���'"���l c�n b" don" on 

��""/ 

 

�� �hi� poin�, 0" h�'" gon" �h�ough mo�� o- �h" �hing� 0" n""d"d �o $no0 �o c�"��" �u--i� ��"" u�ing )$$on"n*� 

�lgo�i�hm/ (n n"�� ���� B, 0" 0ill ��$" ���ing � 

��"p �nd c�"��" �h" ��""/ Whil" building �h" ��"", 0" 0ill di�cu�� -"0 mo�" impl"m"n���ion i��u"� 0hich 0ill b" 

�dd�"��"d b� �c�i'"�oin��/ 

 

H"�" 0" 0ill ��$" ���ing � 5 j�bc�b��bcdk �� �n "

��""/ 

Whil" building �u--i� ��"" -o� ���ing � o- l"ng�h mH

• Th"�" 0ill b" m ph��"� 6 �o m (on" ph��" -o� "�ch ch���c�"� 

(n ou� cu��"n� "��mpl", m i� 66, �o �h"�" 0ill b" 66 ph��"�/

• Fi��� ph��" 0ill �dd -i��� ch���c�"� l�* in �h" ��"", �"cond ph��" 0ill �dd �"cond ch���c�"� lb* in ��"", �hi�d 

ph��" 0ill �dd �hi�d ch���c�"� lc* in ��"", ;;, m

�lgo�i�hm �n onlin" �lgo�i�hm  

• +�ch ph��" i 0ill go �h�ough ��-mo�� i "��"n�ion� (-�om 6 �o i / (- cu��"n� ch���c�"� b"ing �dd"d in ��"" i� no� 

�""n �o -��, �ll i "��"n�ion� 0ill b" compl"�"d (+��"n�ion 9ul" B 0ill no� �ppl� in �hi� ph��" / (- cu��"n� 

ch���c�"� b"ing �dd"d in ��"" i� �""n b"-o�", �

�ppli"�  0i�hou� going �h�ough �ll i "��"n�ion�

• Th"�" ��" �h�"" "��"n�ion �ul"� (6, < �nd B  �nd "�ch "��"n�ion > (-�om 6 �o i  o- �n� ph��" i 0ill �dh"�" �o 

on" o- �h"�" �h�"" �ul"�/ 

• 9ul" 6 �dd� � n"0 ch���c�"� on "�i��ing l"�- "dg"

• 9ul" < c�"��"� � n"0 l"�- "dg" (�nd m�� �l�o c�"��" n"0 in�"�n�l nod", i- �h" p��h l�b"l "nd� in b"�0""n �n 

"dg"  

• 9ul" B "nd� �h" cu��"n� ph��" (0h"n cu��"n� ch���c�"� i� -ound in cu��"n� "dg" b"ing ���'"��"d 

• �h��" 6 0ill �"�d -i��� ch���c�"� -�om �h" ���ing, 0ill go �h�ough 6 "��"n�ion/

1In fi"&res, !e are sho!in" characters on e%"e la'els T&st for e-planation, !hile !ritin" co%e, !e !ill only 

&se start an% en% in%ices l :he E%"e

+��"n�ion 6 0ill �dd �u--i� j�k in ��""/ W" ����� -�om �oo� �nd ���'"��" p��h 0i�h l�b"l l�*/ Th"�" i� no p��h 

-�om �oo�, going ou� 0i�h l�b"l l�*, �o c�"��" � l"�- "dg" (9ul" < /

 

• �h��" 6 compl"�"� 0i�h �h" compl"�ion o- "��"n�ion 6 (�� � ph��" i h�� 

Fo� �n� ���ing, �h��" 6 0ill h�'" onl� on" "��"n�ion �nd i� 0ill �l0��� -ollo0 9ul" </

• �h��" < 0ill �"�d �"cond ch���c�"�, 0ill go �h�ough �� l"��� 6 �nd �� mo�� < "��"n�ion�/

(n ou� "��mpl", ph��" < 0ill �"�d �"cond ch���c�"� lb*/ �u

+��"n�ion 6 �dd� �u--i� j�bk in ��""/

���h -o� l�b"l l�* "nd� �� l"�- "dg", �o �dd lb* �� �h" "nd o- �hi� "dg"/

�o no0 l"�- "dg"� 0ill loo$ li$" (p, " , (?, " , (�, " // (n �n� ph��", >u�� inc�"m"n� " �nd "��"n�ion on �ll 

l"�- "dg"� 0ill b" don"/ Figu�" 6: �ho0� �hi�/ 

�o u�ing �u--i� lin$� �nd ��ic$� 6, < �nd B, � �u--i� ��"" c�n b" buil� in lin"�� �im"/ 

ld b" implici� ��"" i- � �u--i� i� p�"-i� o- �no�h"�/ �o 0" c�n �dd � b �"�min�l ��mbol -i��� �nd �h"n �un 

�lgo�i�hm �o g"� � ��u" �u--i� ��"" (� ��u" �u--i� ��"" con��in� �ll �u--i�"� "�plici�l� / To l�b"l "�ch l"�- 0i�h 

�ion (�ll l"�'"� ��" l�b"ll"d �� glob�l ind"� " , � lin"�� �im" ���'"���l c�n b" don" on 

�� �hi� poin�, 0" h�'" gon" �h�ough mo�� o- �h" �hing� 0" n""d"d �o $no0 �o c�"��" �u--i� ��"" u�ing )$$on"n*� 

, 0" 0ill ��$" ���ing � 5 j�bc�b��bcdk �� �n "��mpl" �nd go �h�ough �ll �h" �hing� ��"p b� 

��"p �nd c�"��" �h" ��""/ Whil" building �h" ��"", 0" 0ill di�cu�� -"0 mo�" impl"m"n���ion i��u"� 0hich 0ill b" 

H"�" 0" 0ill ��$" ���ing � 5 j�bc�b��bcdk �� �n "��mpl" �nd go �h�ough �ll �h" �hing� ��"p b� ��"p �nd c�"��" �h" 

Whil" building �u--i� ��"" -o� ���ing � o- l"ng�h mH 

Th"�" 0ill b" m ph��"� 6 �o m (on" ph��" -o� "�ch ch���c�"�  

(n ou� cu��"n� "��mpl", m i� 66, �o �h"�" 0ill b" 66 ph��"�/ 

" 0ill �dd -i��� ch���c�"� l�* in �h" ��"", �"cond ph��" 0ill �dd �"cond ch���c�"� lb* in ��"", �hi�d 

ph��" 0ill �dd �hi�d ch���c�"� lc* in ��"", ;;, m�h ph��" 0ill �dd m�h ch���c�"� in ��"" (Thi� m�$"� )$$on"n*� 

mo�� i "��"n�ion� (-�om 6 �o i / (- cu��"n� ch���c�"� b"ing �dd"d in ��"" i� no� 

�""n �o -��, �ll i "��"n�ion� 0ill b" compl"�"d (+��"n�ion 9ul" B 0ill no� �ppl� in �hi� ph��" / (- cu��"n� 

ch���c�"� b"ing �dd"d in ��"" i� �""n b"-o�", �h"n ph��" i 0ill compl"�" "��l� (�� �oon �� +��"n�ion 9ul" B 

�ppli"�  0i�hou� going �h�ough �ll i "��"n�ion� 

Th"�" ��" �h�"" "��"n�ion �ul"� (6, < �nd B  �nd "�ch "��"n�ion > (-�om 6 �o i  o- �n� ph��" i 0ill �dh"�" �o 

� n"0 ch���c�"� on "�i��ing l"�- "dg" 

9ul" < c�"��"� � n"0 l"�- "dg" (�nd m�� �l�o c�"��" n"0 in�"�n�l nod", i- �h" p��h l�b"l "nd� in b"�0""n �n 

9ul" B "nd� �h" cu��"n� ph��" (0h"n cu��"n� ch���c�"� i� -ound in cu��"n� "dg" b"ing ���'"��"d 

0ill �"�d -i��� ch���c�"� -�om �h" ���ing, 0ill go �h�ough 6 "��"n�ion/ 

1In fi"&res, !e are sho!in" characters on e%"e la'els T&st for e-planation, !hile !ritin" co%e, !e !ill only 

:he E%"e-la'el compression %isc&sse% in +art I2 

+��"n�ion 6 0ill �dd �u--i� j�k in ��""/ W" ����� -�om �oo� �nd ���'"��" p��h 0i�h l�b"l l�*/ Th"�" i� no p��h 

-�om �oo�, going ou� 0i�h l�b"l l�*, �o c�"��" � l"�- "dg" (9ul" < / 

 

�h��" 6 compl"�"� 0i�h �h" compl"�ion o- "��"n�ion 6 (�� � ph��" i h�� �� mo�� i "��"n�ion� 

Fo� �n� ���ing, �h��" 6 0ill h�'" onl� on" "��"n�ion �nd i� 0ill �l0��� -ollo0 9ul" </

�h��" < 0ill �"�d �"cond ch���c�"�, 0ill go �h�ough �� l"��� 6 �nd �� mo�� < "��"n�ion�/

(n ou� "��mpl", ph��" < 0ill �"�d �"cond ch���c�"� lb*/ �u--i�"� �o b" �dd"d ��" j�bk �nd jbk/

+��"n�ion 6 �dd� �u--i� j�bk in ��""/ 

���h -o� l�b"l l�* "nd� �� l"�- "dg", �o �dd lb* �� �h" "nd o- �hi� "dg"/ 

�o no0 l"�- "dg"� 0ill loo$ li$" (p, " , (?, " , (�, " // (n �n� ph��", >u�� inc�"m"n� " �nd "��"n�ion on �ll 

ld b" implici� ��"" i- � �u--i� i� p�"-i� o- �no�h"�/ �o 0" c�n �dd � b �"�min�l ��mbol -i��� �nd �h"n �un 

�lgo�i�hm �o g"� � ��u" �u--i� ��"" (� ��u" �u--i� ��"" con��in� �ll �u--i�"� "�plici�l� / To l�b"l "�ch l"�- 0i�h 

�ion (�ll l"�'"� ��" l�b"ll"d �� glob�l ind"� " , � lin"�� �im" ���'"���l c�n b" don" on 

�� �hi� poin�, 0" h�'" gon" �h�ough mo�� o- �h" �hing� 0" n""d"d �o $no0 �o c�"��" �u--i� ��"" u�ing )$$on"n*� 

5 j�bc�b��bcdk �� �n "��mpl" �nd go �h�ough �ll �h" �hing� ��"p b� 

��"p �nd c�"��" �h" ��""/ Whil" building �h" ��"", 0" 0ill di�cu�� -"0 mo�" impl"m"n���ion i��u"� 0hich 0ill b" 

��mpl" �nd go �h�ough �ll �h" �hing� ��"p b� ��"p �nd c�"��" �h" 

" 0ill �dd -i��� ch���c�"� l�* in �h" ��"", �"cond ph��" 0ill �dd �"cond ch���c�"� lb* in ��"", �hi�d 

ch���c�"� in ��"" (Thi� m�$"� )$$on"n*� 

mo�� i "��"n�ion� (-�om 6 �o i / (- cu��"n� ch���c�"� b"ing �dd"d in ��"" i� no� 

�""n �o -��, �ll i "��"n�ion� 0ill b" compl"�"d (+��"n�ion 9ul" B 0ill no� �ppl� in �hi� ph��" / (- cu��"n� 

h"n ph��" i 0ill compl"�" "��l� (�� �oon �� +��"n�ion 9ul" B 

Th"�" ��" �h�"" "��"n�ion �ul"� (6, < �nd B  �nd "�ch "��"n�ion > (-�om 6 �o i  o- �n� ph��" i 0ill �dh"�" �o 

9ul" < c�"��"� � n"0 l"�- "dg" (�nd m�� �l�o c�"��" n"0 in�"�n�l nod", i- �h" p��h l�b"l "nd� in b"�0""n �n 

9ul" B "nd� �h" cu��"n� ph��" (0h"n cu��"n� ch���c�"� i� -ound in cu��"n� "dg" b"ing ���'"��"d  

1In fi"&res, !e are sho!in" characters on e%"e la'els T&st for e-planation, !hile !ritin" co%e, !e !ill only 

+��"n�ion 6 0ill �dd �u--i� j�k in ��""/ W" ����� -�om �oo� �nd ���'"��" p��h 0i�h l�b"l l�*/ Th"�" i� no p��h 

�� mo�� i "��"n�ion�  

Fo� �n� ���ing, �h��" 6 0ill h�'" onl� on" "��"n�ion �nd i� 0ill �l0��� -ollo0 9ul" </ 

�h��" < 0ill �"�d �"cond ch���c�"�, 0ill go �h�ough �� l"��� 6 �nd �� mo�� < "��"n�ion�/ 

--i�"� �o b" �dd"d ��" j�bk �nd jbk/ 



 

 

+��"n�ion 6 >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om 6 �o <  on -i��� "dg" (9ul" 6 /

• +��"n�ion < �dd� �u--i� jbk in ��""/ Th"�" i� no p��h -�om �oo�, going ou� 0i�h l�b"l lb*, �o c�"��"� � l"�- "dg" 

(9ul" < / 

�h��" < compl"�"� 0i�h �h" compl"�ion o- "��"n�ion </

�h��" < 0"n� �h�ough �0o "��"n�ion� h"�"/ 9ul" 6 �ppli"d in 6�� +��"n�ion �nd 9ul" < �ppli"d in 

+��"n�ion/ 

• �h��" B 0ill �"�d �hi�d ch���c�"�, 0ill go �h�ough �� l"��� 6 �nd �� mo�� B "��"n�ion�/

(n ou� "��mpl", ph��" B 0ill �"�d �hi�d ch���c�"� lc*/ �u--i�"� �o b" �dd"d ��" j�bck, jbck �nd jck/

+��"n�ion 6 �dd� �u--i� j�bck in ��""/

���h -o� l�b"l l�b* "nd� �� l"�- "dg", �o �dd lc* �� �h" "nd o- �hi� "dg"/

+��"n�ion 6 >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om < �o B  on �hi� "dg" (9ul" 6 /

• +��"n�ion < �dd� �u--i� jbck in ��""/

���h -o� l�b"l lb* "nd� �� l"�- "dg", �o �dd lc* �� �h" "nd o- �hi� "d

+��"n�ion < >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om < �o B  on �hi� "dg" (9ul" 6 /

+��"n�ion 6 >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om 6 �o <  on -i��� "dg" (9ul" 6 /

 
-i� jbk in ��""/ Th"�" i� no p��h -�om �oo�, going ou� 0i�h l�b"l lb*, �o c�"��"� � l"�- "dg" 

 
�h��" < compl"�"� 0i�h �h" compl"�ion o- "��"n�ion </ 

�h��" < 0"n� �h�ough �0o "��"n�ion� h"�"/ 9ul" 6 �ppli"d in 6�� +��"n�ion �nd 9ul" < �ppli"d in 

�h��" B 0ill �"�d �hi�d ch���c�"�, 0ill go �h�ough �� l"��� 6 �nd �� mo�� B "��"n�ion�/

(n ou� "��mpl", ph��" B 0ill �"�d �hi�d ch���c�"� lc*/ �u--i�"� �o b" �dd"d ��" j�bck, jbck �nd jck/

+��"n�ion 6 �dd� �u--i� j�bck in ��""/ 

l l�b* "nd� �� l"�- "dg", �o �dd lc* �� �h" "nd o- �hi� "dg"/ 

+��"n�ion 6 >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om < �o B  on �hi� "dg" (9ul" 6 /

 
+��"n�ion < �dd� �u--i� jbck in ��""/ 

���h -o� l�b"l lb* "nd� �� l"�- "dg", �o �dd lc* �� �h" "nd o- �hi� "dg"/ 

+��"n�ion < >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om < �o B  on �hi� "dg" (9ul" 6 /

 

+��"n�ion 6 >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om 6 �o <  on -i��� "dg" (9ul" 6 / 

-i� jbk in ��""/ Th"�" i� no p��h -�om �oo�, going ou� 0i�h l�b"l lb*, �o c�"��"� � l"�- "dg" 

�h��" < 0"n� �h�ough �0o "��"n�ion� h"�"/ 9ul" 6 �ppli"d in 6�� +��"n�ion �nd 9ul" < �ppli"d in <nd 

�h��" B 0ill �"�d �hi�d ch���c�"�, 0ill go �h�ough �� l"��� 6 �nd �� mo�� B "��"n�ion�/ 

(n ou� "��mpl", ph��" B 0ill �"�d �hi�d ch���c�"� lc*/ �u--i�"� �o b" �dd"d ��" j�bck, jbck �nd jck/ 

+��"n�ion 6 >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om < �o B  on �hi� "dg" (9ul" 6 / 

+��"n�ion < >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om < �o B  on �hi� "dg" (9ul" 6 / 



 

 

+��"n�ion B �dd� �u--i� jck in ��""/ Th"�" i� no p��h -�om �oo�, going ou� 0i�h l�b"l lc*, �o c�"��"� � l"�- "dg" 

(9ul" < / 

�h��" B compl"�"� 0i�h �h" compl"�ion o-

�h��" B 0"n� �h�ough �h�"" "��"n�ion� h"�"/ 9ul" 6 �ppli"d in -i��� �0o +��"n�ion� �nd 9ul" < �ppli"d in B�d 

+��"n�ion/ 

• �h��" _ 0ill �"�d -ou��h ch���c�"�, 0ill go �o �� l"��� 6 �nd �� mo�� _ "��"n�ion�/

(n ou� "��mpl", ph��" _ 0ill �"�d -ou�

+��"n�ion 6 �dd� �u--i� j�bc�k in ��""/

���h -o� l�b"l l�bc* "nd� �� l"�- "dg", �o �dd l�* �� �h" "nd o- �hi� "dg"/

+��"n�ion 6 >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om B �o _  on �hi�

+��"n�ion < �dd� �u--i� jbc�k in ��""/

���h -o� l�b"l lbc* "nd� �� l"�- "dg", �o �dd l�* �� �h" "nd o- �hi� "dg"/

+��"n�ion < >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om B �o _  on �hi� "dg" (9ul" 6 /

• +��"n�ion B �dd� �u--i� jc�k in ��""/

���h -o� l�b"l lc* "nd� �� l"�- "dg", �o �dd l�* �� �h" "nd o- �hi� "dg"/

+��"n�ion B >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om B �o _  on �hi� "dg" (9ul" 6 /

+��"n�ion B �dd� �u--i� jck in ��""/ Th"�" i� no p��h -�om �oo�, going ou� 0i�h l�b"l lc*, �o c�"��"� � l"�- "dg" 

 
�h��" B compl"�"� 0i�h �h" compl"�ion o- "��"n�ion B/ 

�h��" B 0"n� �h�ough �h�"" "��"n�ion� h"�"/ 9ul" 6 �ppli"d in -i��� �0o +��"n�ion� �nd 9ul" < �ppli"d in B�d 

�h��" _ 0ill �"�d -ou��h ch���c�"�, 0ill go �o �� l"��� 6 �nd �� mo�� _ "��"n�ion�/ 

(n ou� "��mpl", ph��" _ 0ill �"�d -ou��h ch���c�"� l�*/ �u--i�"� �o b" �dd"d ��" j�bc�k, jbc�k, jc�k �nd j�k/

+��"n�ion 6 �dd� �u--i� j�bc�k in ��""/ 

���h -o� l�b"l l�bc* "nd� �� l"�- "dg", �o �dd l�* �� �h" "nd o- �hi� "dg"/ 

+��"n�ion 6 >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om B �o _  on �hi� "dg" (9ul" 6 /

 
+��"n�ion < �dd� �u--i� jbc�k in ��""/ 

���h -o� l�b"l lbc* "nd� �� l"�- "dg", �o �dd l�* �� �h" "nd o- �hi� "dg"/ 

+��"n�ion < >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om B �o _  on �hi� "dg" (9ul" 6 /

 
+��"n�ion B �dd� �u--i� jc�k in ��""/ 

���h -o� l�b"l lc* "nd� �� l"�- "dg", �o �dd l�* �� �h" "nd o- �hi� "dg"/ 

+��"n�ion B >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om B �o _  on �hi� "dg" (9ul" 6 /

 

+��"n�ion B �dd� �u--i� jck in ��""/ Th"�" i� no p��h -�om �oo�, going ou� 0i�h l�b"l lc*, �o c�"��"� � l"�- "dg" 

�h��" B 0"n� �h�ough �h�"" "��"n�ion� h"�"/ 9ul" 6 �ppli"d in -i��� �0o +��"n�ion� �nd 9ul" < �ppli"d in B�d 

 

�h ch���c�"� l�*/ �u--i�"� �o b" �dd"d ��" j�bc�k, jbc�k, jc�k �nd j�k/ 

"dg" (9ul" 6 / 

+��"n�ion < >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om B �o _  on �hi� "dg" (9ul" 6 / 

+��"n�ion B >u�� inc�"m"n�� �h" "nd ind"� b� 6 (-�om B �o _  on �hi� "dg" (9ul" 6 / 



 

 

+��"n�ion _ �dd� �u--i� j�k in ��""/ 

���h -o� l�b"l l�* "�i��� in �h" ��""/ �o mo�" 0o�$ n""d"d �nd �h��" _ "nd� h"�" (9ul" B �nd T�ic$ < / Thi� i� 

�n "��mpl" o- implici� �u--i� ��""/ H"�" �u--i� j�k i� no� �""n "�plici�l� (b"c�u�" i� do"�n*� "nd �� � l"�- "dg"  

bu� i� i� in �h" ��"" implici�l�/ �o �h"�" i� no ch�ng" in ��"" ���uc�u�" �-�"� "��"n�ion _/ (� 0ill �"m�in �� �bo'" 

in Figu�" <\/ 

�h��" _ compl"�"� �� �oon �� 9ul" B i� �ppli"d 0hil" +��"n�ion _/ 

�h��" _ 0"n� �h�ough -ou� "��"n�ion� h"�"/ 9ul" 6 �ppli"d in -i��� �h�"" +��"n�ion� �nd 9ul" B �ppli"d in _�h 

+��"n�ion/ 

 

�o0 0" 0ill �"" -"0 ob�"�'��ion� �nd ho0 �o impl"m"n� �ho�"/ 

6/ �� �h" "nd o- �n� ph��" i, �h"�" ��" �� mo�� i l"�- "dg"� (i- i�h ch���c�"� i� no� �""n �o -��, �h"�" 0ill b" i l"�- 

"dg"�, "l�" �h"�" 0ill b" l"�� �h�n i l"�- "dg"� / 

"/g/ �-�"� ph��"� 6, < �nd B in ou� "��mpl", �h"�" ��" 6, < �nd B l"�- "dg"� �"�p"c�i'"l�, bu� �-�"� ph��" _, 

�h"�" ��" B l"�- "dg"� onl� (no� _ / 

</ �-�"� compl"�ing ph��" i, j"ndk indic"� o- �ll l"�- "dg"� ��" i/ Ho0 do 0" impl"m"n� �hi� in cod"1 Do 0" 

n""d �o i�"���" �h�ough �ll �ho�" "��"n�ion�, -ind l"�- "dg"� b� ���'"��ing -�om �oo� �o l"�- �nd inc�"m"n� 

�h" j"ndk ind"�1 �n�0"� i� j�8k/ 

Fo� �hi�, 0" 0ill m�in��in � glob�l '��i�bl" (��� j+�Dk  �nd 0" 0ill >u�� inc�"m"n� �hi� glob�l '��i�bl" j+�Dk 

�nd �ll l"�- "dg" "nd indic"� 0ill poin� �o �hi� glob�l '��i�bl"/ �o �hi� 0��, i- 0" h�'" > l"�- "dg"� �-�"� ph��" 

i, �h"n in ph��" iF6, -i��� > "��"n�ion� (6 �o >  0ill b" don" b� >u�� inc�"m"n�ing '��i�bl" j+�Dk b� 6 (+�D 0ill 

b" iF6 �� �h" poin� / 

H"�" 0" >u�� impl"m"n�"d �h" ��ic$ B 2 Once a leaf, al!ays a leaf/ Thi� ��ic$ p�oc"��"� �ll �h" > l"�- "dg"� (i/"/ 

"��"n�ion 6 �o >  u�ing �ul" 6 in � con���n� �im" in �n� ph��"/ 9ul" 6 0ill no� �ppl� �o �ub�"?u"n� "��"n�ion� 

in �h" ��m" ph��"/ Thi� c�n b" '"�i-i"d in �h" -ou� ph��"� 0" di�cu��"d �bo'"/ (- �� �ll 9ul" 6 �ppli"� in �n� 

ph��", i� onl� �ppli"� in ini�i�l -"0 ph��"� con�inuou�l� (��� 6 �o > / 9ul" 6 n"'"� �ppli"� l��"� in � gi'"n ph��" 

onc" 9ul" < o� 9ul" B i� �ppli"d in �h�� ph��"/ 

B/ (n �h" "��mpl" "�pl�in"d �o -��, in "�ch "��"n�ion (0h"�" ��ic$ B i� no� �ppli"d  o- �n� ph��" �o �dd � �u--i� 

in ��"", 0" ��" ���'"��ing -�om �oo� b� m��ching p��h l�b"l� �g�in�� �h" �u--i� b"ing �dd"d/ (- �h"�" ��" > l"�- 

"dg"� �-�"� ph��" i, �h"n in ph��" iF6, -i��� > "��"n�ion� 0ill -ollo0 9ul" 6 �nd 0ill b" don" in con���n� �im" 

u�ing ��ic$ B/ Th"�" ��" iF6-> "��"n�ion� �"� �o b" p"�-o�m"d/ Fo� �h"�" "��"n�ion�, 0hich nod" (�oo� o� �om" 

o�h"� in�"�n�l nod"  �o ����� -�om �nd 0hich p��h �o go1 �n�0"� �o �hi� d"p"nd� on ho0 p�"'iou� ph��" i i� 

compl"�"d/ 

(- p�"'iou� ph��" i 0"n� �h�ough �ll �h" i "��"n�ion� (0h"n i�h ch���c�"� i� uni?u" �o -�� , �h"n in n"�� ph��" 

iF6, ��ic$ B 0ill ��$" c��" o- -i��� i �u--i�"� (�h" i l"�- "dg"�  �nd �h"n "��"n�ion iF6 0ill ����� -�om �oo� nod" 

�nd i� 0ill in�"�� >u�� on" ch���c�"� C(iF6 �hD �u--i� in ��"" b� c�"��ing � l"�- "dg" u�ing 9ul" </ 

(- p�"'iou� ph��" i compl"�"� "��l� (�nd �hi� 0ill h�pp"n i- �nd onl� i- �ul" B �ppli"� 2 0h"n i�h ch���c�"� i� 

�l�"�d� �""n b"-o�" , ��� �� >�h "��"n�ion (i/"/ �ul" B i� �ppli"d �� >�h "��"n�ion , �h"n �h"�" ��" >-6 l"�- "dg"� 

�o -��/ 

W" 0ill ����" -"0 mo�" -�c�� (0hich m�� b" � �"p"��, bu� 0" 0�n� �o m�$" �u�" i�*� cl"�� �o �ou �� �hi� 

poin�  h"�" b��"d on di�cu��ion �o -��H 

• Phase 1 starts with Rule 2. all other phases start with Rule 1 

• /n- phase ends with either Rule 2 or Rule 3 

• /n- phase i ma- go through a series of 0 extensions +1 12 0 12 i,3 In these 0 extensions. first p +4 12 p 1 

i, extensions will follow Rule 1. next 5 +4 12 5 12 i-p, extensions will follow Rule 2 and next r +412 r 12 

1, extensions will follow Rule 33 The order in which Rule 1. Rule 2 and Rule 3 appl-. is never 

intermixed in a phase3 The- appl- in order of their number +if at all applied,. i3e3 in a phase. Rule 1 

applies 1st. then Rule 2 and then Rule 3 

• In a phase i. p + 5 + r 12 i 

• /t the end of an- phase i. there will be p+5 leaf edges and next phase i+1 will go through Rule 1 for 

first p+5 extensions 

 

(n �h" n"�� ph��" iF6, ��ic$ B (9ul" 6  0ill ��$" c��" o- -i��� >-6 �u--i�"� (�h" >-6 l"�- "dg"� , �h"n "��"n�ion > 0ill ����� 

0h"�" 0" 0ill �dd >�h �u--i� in ��""/ Fo� �hi�, 0" n""d �o -ind �h" b"�� po��ibl" m��ching "dg" �nd �h"n �dd n"0 

ch���c�"� �� �h" "nd o- �h�� "dg"/ Ho0 �o -ind �h" "nd o- b"�� m��ching "dg"1 Do 0" n""d �o ���'"��" -�om �oo� 

nod" �nd m��ch ��"" "dg"� �g�in�� �h" >�h �u--i� b"ing �dd"d ch���c�"� b� ch���c�"�1 Thi� 0ill ��$" �im" �nd o'"��ll 



 

 

�lgo�i�hm 0ill no� b" lin"��/ �c�i'"�oin� com"� �o �h" �"�cu" h"�"/

 

(n p�"'iou� ph��" i, 0hil" >�h "��"n�ion, p��h ���'"���l "nd"d �� � poin� (0hich could b" �n in�"�n�l nod" o� �om" 

poin� in �h" middl" o- �n "dg"  0h"�" i�h

>�h "��"n�ion o- ph��" iF6 0ill ����� "��c�l� -�om �h" ��m" poin� �nd 0" ����� m��ching p��h �g�in�� (iF6 

�c�i'"�oin� h"lp� �o �'oid unn"c"����� p��h ���'"���l -�om �oo� in �n� "��"n�ion b��"d on �h" $no0l"dg" g�in"d in 

���'"���l� don" in p�"'iou� "��"n�ion/ Th"�" i� no ���'"���l n""d"d in 6

T��'"���l i� don" 0h"�" 9ul" < o� 9ul" B g"�� �ppli"d �nd �h��*� 0h"�" �c�i'"�oin� �"ll� �h" �����ing poin� -o� 

���'"���l 0h"�" 0" m��ch �h" p��h �g�in�� �h" cu��"n�

�uch � 0�� �h��, in �n� "��"n�ion 0h"�" 0" n""d � ���'"���l, �c�i'"�oin� i� �"� �o �igh� loc��ion �l�"�d� (0i�h on" 

"�c"p�ion c��" A+6\AL[ di�cu��"d b"lo0  �nd �� �h" "nd o- cu��"n� "��"n�ion, 0" �"

�o �h�� n"�� "��"n�ion (o- ��m" ph��" o� n"�� ph��"  0h"�" � ���'"���l i� �"?ui�"d, �c�i'"�oin� poin�� �o �h" �igh� 

pl�c" �l�"�d�/ 

 

acti e+ointH Thi� could b" �oo� nod", �n� in�"�n�l nod" o� �n� poin� in �h" middl" o- �n "dg"

���'"���l ������ in �n� "��"n�ion/ Fo� �h" 6�� "��"n�ion o- ph��" 6, �c�i'"�oin� i� �"� �o �oo�/ 8�h"� "��"n�ion 0ill g"� 

�c�i'"�oin� �"� co��"c�l� b� p�"'iou� "��"n�ion (0i�h on" "�c"p�ion c��"

�"�pon�ibili�� o- cu��"n� "��"n�ion �o �"�"� �c�i'"�oin� �pp�op�i��"l� �� �h" "nd, �o b" u�"d in n"�� "��"n�ion 0h"�" 

9ul" < o� 9ul" B i� �ppli"d (o- ��m" o� n"�� ph��" /

To �ccompli�h �hi�, 0" n""d � 0�� �o ��o�" �c�i'"�oin�/ W" 0ill ��o�" �hi� u�ing 

'��i�bl"�H acti eNo%e, acti eE%"e, acti eLen"th

 

acti eNo%eH Thi� could b" �oo� nod" o� �n in�"�n�l nod"/

acti eE%"eH Wh"n 0" ��" on �oo� nod" o� in�"�n�l nod" �nd 0" n""d �o 0�l$ do0n, 0" n""d �o $no0 0hich "dg" �o 

choo�"/ �c�i'"+dg" 0ill ��o�" �h�� in-o�m��ion/ (n c��", �c�i'"�od" i��"l- i� �h" poin� -�om 0h"�" ���'"���l ������, 

�h"n �c�i'"+dg" 0ill b" �"� �o n"�� ch���c�"� b"ing p�oc"��"d in n"�� ph��"/

acti eLen"thH Thi� �"ll� ho0 m�n� ch���c�"�� 0" n""d �o 0�l$ do0n (on �h" p��h �"p�"�"n�"d b� �

�c�i'"�od" �o �"�ch �h" �c�i'"�oin� 0h"�" ���'"���l ������/ (n c��", �c�i'"�od" i��"l- i� �h" poin� -�om 0h"�" 

���'"���l ������, �h"n �c�i'"L"ng�h 0ill b" g+98/

 

�-�"� ph��" i, i- �h"�" ��" > l"�- "dg"� �h"n in ph��" iF6, -i��� > "��"n�ion

n""d"d -o� �h" "��"n�ion� -�om >F6 �o iF6 �nd �c�i'"�oin� m�� o� m�� no� ch�ng" b"�0""n �0o "��"n�ion� 

d"p"nding on �h" poin� 0h"�" p�"'iou� "��"n�ion "nd�/

 

acti e+oint chan"e for e-tension r&le , 1A+6\EX,2

n"�� ph��" iF6, 0" inc�"m"n� �c�i'"L"ng�h b� 6/ Th"�" i� no ch�ng" in �c�i'"�od" �nd �c�i'"+dg"/ Wh�1 ="c�u�" in 

c��" o- �ul" B, �h" cu��"n� ch���c�"� -�om ���ing � i� m��ch"d on �h" ��m" p��h �

�o -o� n"�� �c�i'"�oin�, �c�i'"�od" �nd �c�i'"+dg" �"m�in �h" ��m", onl� �c�i'"L"n�h i� inc�"��"d b� 6 (b"c�u�" o- 

in� com"� �o �h" �"�cu" h"�"/ 

"��"n�ion, p��h ���'"���l "nd"d �� � poin� (0hich could b" �n in�"�n�l nod" o� �om" 
�h ch���c�"� b"ing �dd"d 0�� -ound in ��"" �l�"�d� �nd 9ul" B �ppli"d, 

"��"n�ion o- ph��" iF6 0ill ����� "��c�l� -�om �h" ��m" poin� �nd 0" ����� m��ching p��h �g�in�� (iF6 

�c�i'"�oin� h"lp� �o �'oid unn"c"����� p��h ���'"���l -�om �oo� in �n� "��"n�ion b��"d on �h" $no0l"dg" g�in"d in 

'iou� "��"n�ion/ Th"�" i� no ���'"���l n""d"d in 6�� p "��"n�ion� 0h"�" 9ul" 6 i� �ppli"d/ 

T��'"���l i� don" 0h"�" 9ul" < o� 9ul" B g"�� �ppli"d �nd �h��*� 0h"�" �c�i'"�oin� �"ll� �h" �����ing poin� -o� 

���'"���l 0h"�" 0" m��ch �h" p��h �g�in�� �h" cu��"n� ch���c�"� b"ing �dd"d in ��""/ (mpl"m"n���ion i� don" in 

�uch � 0�� �h��, in �n� "��"n�ion 0h"�" 0" n""d � ���'"���l, �c�i'"�oin� i� �"� �o �igh� loc��ion �l�"�d� (0i�h on" 

di�cu��"d b"lo0  �nd �� �h" "nd o- cu��"n� "��"n�ion, 0" �"�"� �c�i'"�oin� �� �pp�pp�i��" 

�o �h�� n"�� "��"n�ion (o- ��m" ph��" o� n"�� ph��"  0h"�" � ���'"���l i� �"?ui�"d, �c�i'"�oin� poin�� �o �h" �igh� 

H Thi� could b" �oo� nod", �n� in�"�n�l nod" o� �n� poin� in �h" middl" o- �n "dg"

���'"���l ������ in �n� "��"n�ion/ Fo� �h" 6�� "��"n�ion o- ph��" 6, �c�i'"�oin� i� �"� �o �oo�/ 8�h"� "��"n�ion 0ill g"� 

�c�i'"�oin� �"� co��"c�l� b� p�"'iou� "��"n�ion (0i�h on" "�c"p�ion c��" A+6\AL[ di�cu��"d b"lo0  �nd i� i� 

�"�pon�ibili�� o- cu��"n� "��"n�ion �o �"�"� �c�i'"�oin� �pp�op�i��"l� �� �h" "nd, �o b" u�"d in n"�� "��"n�ion 0h"�" 

9ul" < o� 9ul" B i� �ppli"d (o- ��m" o� n"�� ph��" / 

To �ccompli�h �hi�, 0" n""d � 0�� �o ��o�" �c�i'"�oin�/ W" 0ill ��o�" �hi� u�ing �h�"" 

acti eLen"th/ 

H Thi� could b" �oo� nod" o� �n in�"�n�l nod"/ 

H Wh"n 0" ��" on �oo� nod" o� in�"�n�l nod" �nd 0" n""d �o 0�l$ do0n, 0" n""d �o $no0 0hich "dg" �o 

� in-o�m��ion/ (n c��", �c�i'"�od" i��"l- i� �h" poin� -�om 0h"�" ���'"���l ������, 

�h"n �c�i'"+dg" 0ill b" �"� �o n"�� ch���c�"� b"ing p�oc"��"d in n"�� ph��"/ 

H Thi� �"ll� ho0 m�n� ch���c�"�� 0" n""d �o 0�l$ do0n (on �h" p��h �"p�"�"n�"d b� �

�c�i'"�od" �o �"�ch �h" �c�i'"�oin� 0h"�" ���'"���l ������/ (n c��", �c�i'"�od" i��"l- i� �h" poin� -�om 0h"�" 

���'"���l ������, �h"n �c�i'"L"ng�h 0ill b" g+98/ 

�-�"� ph��" i, i- �h"�" ��" > l"�- "dg"� �h"n in ph��" iF6, -i��� > "��"n�ion� 0ill b" don" b� ��ic$ B/ �c�i'"�oin� 0ill b" 

n""d"d -o� �h" "��"n�ion� -�om >F6 �o iF6 �nd �c�i'"�oin� m�� o� m�� no� ch�ng" b"�0""n �0o "��"n�ion� 

d"p"nding on �h" poin� 0h"�" p�"'iou� "��"n�ion "nd�/ 

acti e+oint chan"e for e-tension r&le , 1A+6\EX,2H Wh"n �ul" B �ppli"� in �n� ph��" i, �h"n b"-o�" 0" mo'" on �o 

n"�� ph��" iF6, 0" inc�"m"n� �c�i'"L"ng�h b� 6/ Th"�" i� no ch�ng" in �c�i'"�od" �nd �c�i'"+dg"/ Wh�1 ="c�u�" in 

c��" o- �ul" B, �h" cu��"n� ch���c�"� -�om ���ing � i� m��ch"d on �h" ��m" p��h �"p�"�"n�"d b� cu��"n� �c�i'"�oin�, 

�o -o� n"�� �c�i'"�oin�, �c�i'"�od" �nd �c�i'"+dg" �"m�in �h" ��m", onl� �c�i'"L"n�h i� inc�"��"d b� 6 (b"c�u�" o- 

"��"n�ion, p��h ���'"���l "nd"d �� � poin� (0hich could b" �n in�"�n�l nod" o� �om" 

ch���c�"� b"ing �dd"d 0�� -ound in ��"" �l�"�d� �nd 9ul" B �ppli"d, 

"��"n�ion o- ph��" iF6 0ill ����� "��c�l� -�om �h" ��m" poin� �nd 0" ����� m��ching p��h �g�in�� (iF6 �h ch���c�"�/ 

�c�i'"�oin� h"lp� �o �'oid unn"c"����� p��h ���'"���l -�om �oo� in �n� "��"n�ion b��"d on �h" $no0l"dg" g�in"d in 

p "��"n�ion� 0h"�" 9ul" 6 i� �ppli"d/ 

T��'"���l i� don" 0h"�" 9ul" < o� 9ul" B g"�� �ppli"d �nd �h��*� 0h"�" �c�i'"�oin� �"ll� �h" �����ing poin� -o� 

ch���c�"� b"ing �dd"d in ��""/ (mpl"m"n���ion i� don" in 

�uch � 0�� �h��, in �n� "��"n�ion 0h"�" 0" n""d � ���'"���l, �c�i'"�oin� i� �"� �o �igh� loc��ion �l�"�d� (0i�h on" 

�"� �c�i'"�oin� �� �pp�pp�i��" 

�o �h�� n"�� "��"n�ion (o- ��m" ph��" o� n"�� ph��"  0h"�" � ���'"���l i� �"?ui�"d, �c�i'"�oin� poin�� �o �h" �igh� 

H Thi� could b" �oo� nod", �n� in�"�n�l nod" o� �n� poin� in �h" middl" o- �n "dg"/ Thi� i� �h" poin� 0h"�" 

���'"���l ������ in �n� "��"n�ion/ Fo� �h" 6�� "��"n�ion o- ph��" 6, �c�i'"�oin� i� �"� �o �oo�/ 8�h"� "��"n�ion 0ill g"� 

di�cu��"d b"lo0  �nd i� i� �h" 

�"�pon�ibili�� o- cu��"n� "��"n�ion �o �"�"� �c�i'"�oin� �pp�op�i��"l� �� �h" "nd, �o b" u�"d in n"�� "��"n�ion 0h"�" 

H Wh"n 0" ��" on �oo� nod" o� in�"�n�l nod" �nd 0" n""d �o 0�l$ do0n, 0" n""d �o $no0 0hich "dg" �o 

� in-o�m��ion/ (n c��", �c�i'"�od" i��"l- i� �h" poin� -�om 0h"�" ���'"���l ������, 

H Thi� �"ll� ho0 m�n� ch���c�"�� 0" n""d �o 0�l$ do0n (on �h" p��h �"p�"�"n�"d b� �c�i'"+dg"  -�om 

�c�i'"�od" �o �"�ch �h" �c�i'"�oin� 0h"�" ���'"���l ������/ (n c��", �c�i'"�od" i��"l- i� �h" poin� -�om 0h"�" 

� 0ill b" don" b� ��ic$ B/ �c�i'"�oin� 0ill b" 

n""d"d -o� �h" "��"n�ion� -�om >F6 �o iF6 �nd �c�i'"�oin� m�� o� m�� no� ch�ng" b"�0""n �0o "��"n�ion� 

Wh"n �ul" B �ppli"� in �n� ph��" i, �h"n b"-o�" 0" mo'" on �o 

n"�� ph��" iF6, 0" inc�"m"n� �c�i'"L"ng�h b� 6/ Th"�" i� no ch�ng" in �c�i'"�od" �nd �c�i'"+dg"/ Wh�1 ="c�u�" in 

"p�"�"n�"d b� cu��"n� �c�i'"�oin�, 

�o -o� n"�� �c�i'"�oin�, �c�i'"�od" �nd �c�i'"+dg" �"m�in �h" ��m", onl� �c�i'"L"n�h i� inc�"��"d b� 6 (b"c�u�" o- 



 

 

m��ch"d ch���c�"� in cu��"n� ph��" / Thi� n"0 �c�i'"�oin� (��m" nod", ��m" "dg" �nd inc�"m"n�"d l"ng�h  0ill b" 

u�"d in ph��" iF6/ 

 

acti e+oint chan"e for !al# %o!n 1A+6\WD2H �c�i'"�oin� m�� ch�ng" �� �h" "nd o- �n "��"n�ion b��"d on 

"��"n�ion �ul" �ppli"d/ �c�i'"�oin� m�� �l�o ch�ng" du�ing �h" "��"n�ion 0h"n 0" do 0�l$ do0n/ L"�*� con�id"� �n 

�c�i'"�oin� i� (�, �, 66  in �h" �bo'" �c�i'"�oin� "��mpl" -igu�"/ (- �hi� i� �h" �c�i'"�oin� �� �h" ����� o- �om" 

"��"n�ion, �h"n 0hil" 0�l$ do0n -�om �c�i'"�od" �, o�h"� in�"�n�l nod"� 0ill b" �""n/ �n��im" i- 0" "ncoun�"� �n 

in�"�n�l nod" 0hil" 0�l$ do0n, �h�� nod" 0ill b"com" �c�i'"�od" (i� 0ill ch�ng" �c�i'"+dg" �nd �c�i'"L"ngh� �� 

�pp�op�i��" �o �h�� n"0 �c�i'"�oin� �"p�"�"n�� �h" ��m" poin� �� "��li"� / (n �hi� 0�l$ do0n, b"lo0 i� �h" �"?u"nc" 

o- ch�ng"� in �c�i'"�oin�H 

(�, �, 66  | TTT (=, 0, [  |- TTT (C, �, B  

�ll �bo'" �h�"" �c�i'"�oin�� �"-"� �o ��m" poin� lc* 

L"�*� ��$" �no�h"� "��mpl"/ 

(- �c�i'"�oin� i� (D, �, 66  �� �h" ����� o- �n "��"n�ion, �h"n 0hil" 0�l$ do0n, b"lo0 i� �h" �"?u"nc" o- ch�ng"� in 

�c�i'"�oin�H 

(D, �, 67  | TTT (+, d, [  | TTT (F, -, d  | TT (G, >, 6  

�ll �bo'" �c�i'"�oin�� �"-"� �o ��m" poin� l$*/ 

(- �c�i'"�oin�� ��" (�, �, B , (�, �, d , (=, 0, 6 , (D, �, <  "�c 0h"n no in�"�n�l nod" com"� in �h" 0�� 0hil" 0�l$ do0n, 

�h"n �h"�" 0ill b" no ch�ng" in �c�i'"�oin� -o� ��CFWD/ 

Th" id"� i� �h��, �� �n� �im", �h" clo�"�� in�"�n�l nod" -�om �h" poin�, 0h"�" 0" 0�n� �o �"�ch, �hould b" �h" 

�c�i'"�oin�/ Wh�1 Thi� 0ill minimi4" �h" l"ng�h o- ���'"���l in �h" n"�� "��"n�ion/ 

 

acti e+oint chan"e for Acti e Len"th [EXO 1A+6\AL[2H L"�*� con�id"� �n �c�i'"�oin� (�, �, 7  in �h" �bo'" �c�i'"�oin� 

"��mpl" -igu�"/ �nd l"�*� ��� cu��"n� ch���c�"� b"ing p�oc"��"d -�om ���ing � i� l�* (o� �n� o�h"� ch���c�"� / �� �h" 

����� o- "��"n�ion, 0h"n �c�i'"L"ng�h i� g+98, �c�i'"+dg" i� �"� �o �h" cu��"n� ch���c�"� b"ing p�oc"��"d, i/"/ l�*, 

b"c�u�" �h"�" i� no 0�l$ do0n n""d"d h"�" (�� �c�i'"L"ng�h i� g+98  �nd �o n"�� ch���c�"� 0" loo$ -o� i� cu��"n� 

ch���c�"� b"ing p�oc"��"d/ 

 

Whil" cod" impl"m"n���ion, 0" 0ill loop �h�ough �ll �h" ch���c�"�� o- ���ing � on" b� on"/ +�ch loop -o� i�h ch���c�"� 

0ill do p�oc"��ing -o� ph��" i/ Loop 0ill �un on" o� mo�" �im" d"p"nding on ho0 m�n� "��"n�ion� ��" l"-� �o b" 

p"�-o�m"d (�l"��" no�" �h�� in � ph��" iF6, 0" don*� �"�ll� h�'" �o p"�-o�m �ll iF6 "��"n�ion� "�plici�l�, �� ��ic$ B 0ill 

��$" c��" o- > "��"n�ion� -o� �ll > l"�- "dg"� coming -�om p�"'iou� ph��" i / W" 0ill u�" � 

'��i�bl" remainin"9&ffi-6o&nt, �o ���c$ ho0 m�n� "��"n�ion� ��" �"� �o b" p"�-o�m"d "�plici�l� in �n� ph��" (�-�"� 

��ic$ B i� p"�-o�m"d / �l�o, �� �h" "nd o- �n� ph��", i- �"m�ining�u--i�Coun� i� g+98, �hi� �"ll� �h�� �ll �u--i�"� 

�uppo�"d �o b" �dd"d in ��"", ��" �dd"d "�plici�l� �nd p�"�"n� in ��""/ (- �"m�ining�u--i�Coun� i� non-4"�o �� �h" "nd 

o- �n� ph��", �h�� �"ll� �h�� �u--i�"� o- �h�� m�n� coun� ��" no� �dd"d in ��"" "�plici�l� (b"c�u�" o- �ul" B, 0" 

��opp"d "��l� , bu� �h"� ��" in ��"" implici�l� �hough (�uch ��""� ��" c�ll"d implici� �u--i� ��"" / Th"�" implici� �u--i�"� 

0ill b" �dd"d "�plici�l� in �ub�"?u"n� ph��"� 0h"n � uni?u" ch���c�"� com"� in �h" 0��/ 

 

9trin" Matchin" Intro%&ction 
���ing ���ching �lgo�i�hm i� �l�o c�ll"d I���ing �"��ching �lgo�i�hm/I Thi� i� � 'i��l cl��� o- ���ing �lgo�i�hm i� 

d"cl��"d �� I�hi� i� �h" m"�hod �o -ind � pl�c" 0h"�" on" i� �"'"��l ���ing� ��" -ound 0i�hin �h" l��g"� ���ing/I 

Gi'"n � �"�� �����, T C6/////nD, o- n ch���c�"� �nd � p���"�n �����, � C6//////mD, o- m ch���c�"��/ Th" p�obl"m� ��" �o -ind 

�n in�"g"� �, c�ll"d  ali% shift 0h"�" 7 V � W n-m �nd T C�F6//////�FmD 5 � C6//////mD/ (n o�h"� 0o�d�, �o -ind "'"n i- � in 

T, i/"/, 0h"�" � i� � �ub���ing o- T/ Th" i�"m o- � �nd T ��" ch���c�"� d��0n -�om �om" -ini�" �lph�b"� �uch �� n7, 6o o� 

n�, = /////g, �, b///// 4o/Gi'"n � ���ing T C6//////nD, �h" s&'strin"s ��" �"p�"�"n�"d �� T Ci//////>D -o� �om" 7Vi V >Vn-6, �h" 

���ing -o�m"d b� �h" ch���c�"�� in T -�om ind"� i �o ind"� >, inclu�i'"/ Thi� p�oc"�� �h�� � ���ing i� � �ub���ing o- i��"l- 

(��$" i 5 7 �nd > 5m / 

Th" proper s&'strin" o- ���ing T C6//////nD i� T C6//////>D -o� �om" 7Wi V >Vn-6/ Th�� i�, 0" mu�� h�'" "i�h"� iT7 o� > W m-6/ 

 

)�ing �h"�" d"�c�ip�ion�, 0" c�n ��� gi'"n �n� ���ing T C6//////nD, �h" �ub���ing� ��" 

6/ T Ci/////>D 5 T CiD T Ci F6D T CiF<D//////T C>D for �om" 7Vi V >Vn-6/   

�nd p�op"� �ub���ing� ��" 

6/ T Ci/////>D 5 T CiD T Ci F6D T CiF<D//////T C>D for �om" 7Vi V >Vn-6/   

�o�"H (- iT>, �h"n T Ci/////>D i� "?u�l �o �h" "mp�� ���ing o� null, 0hich h�� l"ng�h 4"�o/ 



 

 

�lgo�i�hm� u�"d -o� ���ing ���chingH 

Th"�" ��" di--"�"n� ��p"� o- m"�hod i� u�"d �o -inding �h" ���ing 

6/ Th" ��i'" ���ing ���ching �lgo�i�hm 

</ Th" 9�bin-#��p-�lgo�i�hm 

B/ Fini�" �u�om��� 

_/ Th" #nu�h-�o��i�-����� �lgo�i�hm 

d/ Th" =o�"�-�oo�" �lgo�i�hm 

 

Nai e al"orithm for +attern 9earchin" 

Th" n�}'" �pp�o�ch �"��� �ll �h" po��ibl" pl�c"m"n� o- ����"�n � C6///////mD �"l��i'" �o �"�� T C6//////nD/ W" ��� �hi-� � 5 

7, 6///////n-m, �ucc"��i'"l� �nd -o� "�ch �hi-� �/ Comp��" T C�F6///////�FmD �o � C6//////mD/ 

Th" n�}'" �lgo�i�hm -ind� �ll '�lid �hi-�� u�ing � loop �h�� ch"c$� �h" condi�ion � C6///////mD 5 T C�F6///////�FmD -o� "�ch 

o- �h" n - m F6 po��ibl" '�lu" o- �/ 

 

NAIVE-9:XING-MA:6REX 1:, +2 

 6/ n w l"ng�h CTD 

 </ m w l"ng�h C�D 

 B/ -o� � w 7 �o n -m 

 _/ do i- � C6/////mD 5 T C� F 6////� F mD 

 d/ �h"n p�in� I����"�n occu�� 0i�h �hi-�I � 

 

Analysis: Thi� -o� loop -�om B �o d "�"cu�"� -o� n-m F 6(0" n""d �� l"��� m ch���c�"�� �� �h" "nd  �im"� �nd in 

i�"���ion 0" ��" doing m comp��i�on�/ �o �h" �o��l compl"�i�� i� 8 (n-mF6 / 

 

+��mpl"H 

6/ �uppo�" T 5 6766676667   

</         � 5 666   

B/        Find �ll �h" ,�lid �hi-�   

 

9ol&tion: 

 

 
 

 



 

 

 
 

 

 
 

 

 

* +ython, pro"ram for Nai e +attern  

* 9earchin" al"orithm  

%ef search1pat, t-t2:  

 M 3 len1pat2  

 N 3 len1t-t2  

 * A loop to sli%e pat./ one 'y one @O  

 for i in ran"e1N - M G 52:  

  T 3 4 

   

  * \or c&rrent in%e- i, chec#  

  * for pattern match @O  

  !hile1T S M2:  

   if 1t-t.i G T/ W3 pat.T/2:  

    'rea# 

   T G3 5 

 

  if 1T 33 M2:  



 

 

   print18+attern fo&n% at in%e- 8, i2  

* Dri er 6o%e  

if __name__ 33 c__main__c:  

 t-t 3 8AA(AA6AADAA(AAA(AA8 

 pat 3 8AA(A8 

 search1pat, t-t2  

 

O&tp&t: 

����"�n -ound �� ind"� 7  

����"�n -ound �� ind"� :  

����"�n -ound �� ind"� 6B  

 

:he Xa'in-garp-Al"orithm 

Th" 9�bin-#��p ���ing m��ching �lgo�i�hm c�lcul��"� � h��h '�lu" -o� �h" p���"�n, �� 0"ll �� -o� "�ch �-ch���c�"� 

�ub�"?u"nc"� o- �"�� �o b" comp��"d/ (- �h" h��h '�lu"� ��" un"?u�l, �h" �lgo�i�hm 0ill d"�"�min" �h" h��h '�lu" 

-o� n"�� �-ch���c�"� �"?u"nc"/ (- �h" h��h '�lu"� ��" "?u�l, �h" �lgo�i�hm 0ill �n�l�4" �h" p���"�n �nd �h" �-

ch���c�"� �"?u"nc"/ (n �hi� 0��, �h"�" i� onl� on" comp��i�on p"� �"�� �ub�"?u"nc", �nd ch���c�"� m��ching i� onl� 

�"?ui�"d 0h"n �h" h��h '�lu"� m��ch/ 

 

XA(IN-gAX+-MA:6REX 1:, +, %, U2 

 6/ n w l"ng�h CTD 

 </ m  w l"ng�h C�D 

 B/ h  w  dm-6 mod ? 

 _/ p w  7 

 d/ �7 w  7 

 Q/ -o� i w 6 �o m 

 [/ do p w  (dp F �CiD  mod ? 

 \/ �7 w (d�7FT CiD  mod ? 

 :/ -o� �  w  7 �o n-m 

 67/ do i- p 5 �� 

 66/ �h"n i- � C6/////mD 5 T C�F6/////� F mD 

 6</ �h"n I����"�n occu�� 0i�h �hi-�I � 

 6B/ (- � W n-m 

 6_/ �h"n ��F6 w  (d (��-T C�F6Dh FT C�FmF6D mod ? 

 

E-ample: Fo� ���ing m��ching, 0o�$ing modul" ? 5 66, ho0 m�n� �pu�iou� hi�� do"� �h" 9�bin-#��p m��ch"� 

"ncoun�"�� in T"�� T 5 B6_6d:<QdBd/////// 

6/   T 5 B6_6d:<QdBd///////   

</   � 5 <Q   

B/  H"�" T/L"ng�h 566 �o G 5 66       

_/  �nd � mod G 5 <Q mod 66 5 _   

d/ �o0 -ind �h" "��c� m��ch o- � mod G///   

 

9ol&tion: 



 

 

 
 

 

 



 

 

6omple-ity: 
Th" �unning �im" o- XA(IN-gAX+-MA:6REX in �h" 0o��� c��" �c"n��io O 11n-mG52 m bu� i� h�� � good �'"��g" c��" 

�unning �im"/ (- �h" "�p"c�"d numb"� o- ���ong �hi-�� i� �m�ll O 152 �nd p�im" ? i� cho�"n �o b" ?ui�" l��g", �h"n �h" 

9�bin-#��p �lgo�i�hm c�n b" "�p"c�"d �o �un in �im" O 1nGm2 plu� �h" �im" �o �"?ui�" �o p�oc"�� �pu�iou� hi��/ 

 

:he gn&th-Morris-+ratt 1gM+2Al"orithm 
#nu�h-�o��i� �nd ����� in��oduc" � lin"�� �im" �lgo�i�hm -o� �h" ���ing m��ching p�obl"m/ � m��ching �im" o- 8 (n  

i� �chi"'"d b� �'oiding comp��i�on 0i�h �n "l"m"n� o- O�O �h�� h�'" p�"'iou�l� b""n in'ol'"d in comp��i�on 0i�h 

�om" "l"m"n� o- �h" p���"�n OpO �o b" m��ch"d/ i/"/, b�c$���c$ing on �h" ���ing O�O n"'"� occu�� 

 

6omponents of gM+ Al"orithm: 
50 :he +refi- \&nction 1b2: Th" ��"-i� Func�ion, v -o� � p���"�n "nc�p�ul��"� $no0l"dg" �bou� ho0 �h" p���"�n 

m��ch"� �g�in�� �h" �hi-� o- i��"l-/ Thi� in-o�m��ion c�n b" u�"d �o �'oid � u�"l"�� �hi-� o- �h" p���"�n Op/O (n o�h"� 

0o�d�, �hi� "n�bl"� �'oiding b�c$���c$ing o- �h" ���ing O�/O 

 

I0 :he gM+ Matcher: Wi�h ���ing O�,O p���"�n OpO �nd p�"-i� -unc�ion OvO �� inpu��, -ind �h" occu��"nc" o- OpO in O�O �nd 

�"�u�n� �h" numb"� o- �hi-�� o- OpO �-�"� 0hich occu��"nc"� ��" -ound/ 

 

:he +refi- \&nction 1b2 
Follo0ing p�"udo cod" compu�" �h" p�"-i� -unc�ion, vH 

 

6OM+U:E- +XE\IY- \UN6:ION 1+2 

 6/ m wl"ng�h C�D  JJOpO p���"�n �o b" m��ch"d 

 </ v C6D w 7 

 B/ $ w 7 

 _/ -o� ? w < �o m 

 d/ do 0hil" $ T 7 �nd � C$ F 6D i � C?D 

 Q/ do $ w v C$D 

 [/ (- � C$ F 6D 5 � C?D 

 \/ �h"n $w $ F 6 

 :/ v C?D w $ 

 67/ 9"�u�n v 

 

X&nnin" :ime Analysis: 

(n �h" �bo'" p�"udo cod" -o� c�lcul��ing �h" p�"-i� -unc�ion, �h" -o� loop -�om ��"p _ �o ��"p 67 �un� OmO �im"�/ ��"p6 

�o ��"pB ��$" con���n� �im"/ H"nc" �h" �unning �im" o- compu�ing p�"-i� -unc�ion i� 8 (m / 

E-ample: Compu�" v -o� �h" p���"�n OpO b"lo0H 

 
 

9ol&tion: 

(ni�i�ll�H m 5 l"ng�h CpD 5 [ 

   v C6D 5 7 

   $ 5 7 



 

 

 

 
 

�-�"� i�"���ion Q �im"�, �h" p�"-i� -unc�ion compu���ion i� compl"�"H 

 

:he gM+ Matcher: 

Th" #�� ���ch"� 0i�h �h" p���"�n Op,O �h" ���ing O�O �nd p�"-i� -unc�ion OvO �� inpu�, -ind� � m��ch o- p in �/ Follo0ing 

p�"udo cod" compu�" �h" m��ching compon"n� o- #�� �lgo�i�hmH 



 

 

gM+-MA:6REX 1:, +2 

 6/ n w l"ng�h CTD 

 </ m w l"ng�h C�D 

 B/ vw C8��)T+-�9+F(e-F)�CT(8� (�  

 _/ ? w 7  JJ numb"�� o- ch���c�"�� m��ch"d 

 d/ -o� i w 6 �o n JJ �c�n � -�om l"-� �o �igh�  

 Q/ do 0hil" ? T 7 �nd � C? F 6D i T CiD 

 [/ do ? w v C?D  JJ n"�� ch���c�"� do"� no� m��ch 

 \/ (- � C? F 6D 5 T CiD 

 :/ �h"n ? w ? F 6  JJ n"�� ch���c�"� m��ch"� 

 67/ (- ? 5 m              JJ i� �ll o- p m��ch"d1 

 66/ �h"n p�in� I����"�n occu�� 0i�h �hi-�I i - m 

 6</ ? w v C?D    JJ loo$ -o� �h" n"�� m��ch 

 

9unning Tim" �n�l��i�H 

Th" -o� loop b"ginning in ��"p d �un� OnO �im"�, i/"/, �� long �� �h" l"ng�h o- �h" ���ing O�/O �inc" ��"p 6 �o ��"p _ ��$" 

con���n� �im"�, �h" �unning �im" i� domin��"d b� �hi� -o� �h" loop/ Thu� �unning �im" o- �h" m��ching -unc�ion i� 8 

(n / 

E-ample: Gi'"n � ���ing OTO �nd p���"�n O�O �� -ollo0�H 

 

 
 

L"� u� "�"cu�" �h" #�� �lgo�i�hm �o -ind 0h"�h"� O�O occu�� in OT/O 

Fo� OpO �h" p�"-i� -unc�ion, 1 0�� compu�"d p�"'iou�l� �nd i� �� -ollo0�H 

 
 

9ol&tion: 

(ni�i�ll�H n 5 �i4" o- T 5 6d 

m 5 �i4" o- � 5 [ 

 

 



 

 

 

 



 

 

 

 

 
 

����"�n O�O h�� b""n -ound �o compl"�i�� occu� in � ���ing OT/O Th" �o��l numb"� o- �hi-�� �h�� �oo$ pl�c" -o� �h" m��ch 

�o b" -ound i� i-m 5 6B - [ 5 Q �hi-��/ 

 

 

 

 

 

 



 

 

Mo%-J 
Definition of N+ class +ro'lemH - Th" �"� o- �ll d"ci�ion

c�nO� b" �ol'"d o� p�oduc"d �n ou�pu� 0i�hin pol�nomi�

� cl��� �� � �ub�"�/ �� p�obl"m� b"ing h��d �o �ol'"/

 

Definition of + class +ro'lem: - Th" �"� o- d"ci�ion

�ol'"d o� p�oduc"d �n ou�pu� 0i�hin pol�nomi�l �im"/ � p�obl"m� b"ing "��� �o �ol'"

 

Definition of +olynomial time: - (- 0" p�oduc" �n ou�pu� �cco�ding �o �h" gi'"n inpu� 0i�hin � �p"ci-ic �moun� o- 

�im" �uch �� 0i�hin � minu�", hou��/ Thi� i� $no0n �� �ol�nomi�l �im"/

 

Definition of Non-+olynomial time: - (- 0" p�oduc" �n ou�pu� �cco�ding �o �h" gi'"n inpu� bu� �h"�" ��" no �im" 

con����in�� i� $no0n �� �on-�ol�nomi�l �im"/ =u� �"� ou�pu� 0ill p�oduc" bu� �im" i� no� -i�"d �"�/

 

Definition of Decision (ase% +ro'lem: - 

(o� �ou m�� n""d �hi� o- �hi� �� ��u"J-�l�", 7J6, �cc"p�J�">"c�/  W" 0ill ph���" m�n� op�imi4��ion p�obl"m� �� 

d"ci�ion p�obl"m�/ Fo� "��mpl", G�""d� m"�hod, D/�/, gi'"n � g��ph G5 (,, +  

 

Definition of N+-har% class: - H"�" �ou �o ���i�-� �h" -ollo0ing poin�� �o com" in�o �h" di'i�ion o- ��

6/ (- 0" c�n �ol'" �hi� p�obl"m in pol�nomi�l �im", �h"n 0" c�n �ol'" �ll �� p�obl"m� in pol�nomi�l �im"

</ (- �ou con'"�� �h" i��u" in�o on" -o�m �o �no�h"� -o�m 0i�hin �h" pol�nomi�l �im"

Definition of N+-complete class: - � p�obl"m i� in ��

6/ (� i� in �� 

</ (� i� ��-h��d 

+ictorial representation of all N+ classes !hich incl&%es N+, N+

\i": 6omple-ity 6lasses 

 

+olynomial :ime Verification 
="-o�" ��l$ing �bou� �h" cl��� o- ��-compl"�" p�obl"m�, i� i� "��"n�i�l �o in��oduc" �h" no�ion o- � '"�i-ic��ion 

�lgo�i�hm/ 

��n� p�obl"m� ��" h��d �o �ol'", bu� �h"� h�'" �h" p�op"��� �h�� i� "��� �

p�o'id"d/ 

Ramiltonian cycle pro'lem:- 
Con�id"� �h" H�mil�oni�n c�cl" p�obl"m/ Gi'"n �n undi�"c�"d g��ph G, do"� G h�'" � c�cl" �h�� 'i�i�� "�ch '"��"� 

"��c�l� onc"1 Th"�" i� no $no0n pol�nomi�l �im" �lgo�i�hm -o� �hi� 

Th" �"� o- �ll d"ci�ion-b��"d p�obl"m� c�m" in�o �h" di'i�ion o- �� ��obl"m� 0ho 

c�nO� b" �ol'"d o� p�oduc"d �n ou�pu� 0i�hin pol�nomi�l �im" bu� '"�i-i"d in �h" polynomial time

� cl��� �� � �ub�"�/ �� p�obl"m� b"ing h��d �o �ol'"/ 

Th" �"� o- d"ci�ion-b��"d p�obl"m� com" in�o �h" di'i�ion o- � ��obl"m� 0ho c�n b" 

u�pu� 0i�hin pol�nomi�l �im"/ � p�obl"m� b"ing "��� �o �ol'" 

(- 0" p�oduc" �n ou�pu� �cco�ding �o �h" gi'"n inpu� 0i�hin � �p"ci-ic �moun� o- 

�im" �uch �� 0i�hin � minu�", hou��/ Thi� i� $no0n �� �ol�nomi�l �im"/ 

(- 0" p�oduc" �n ou�pu� �cco�ding �o �h" gi'"n inpu� bu� �h"�" ��" no �im" 

�ol�nomi�l �im"/ =u� �"� ou�pu� 0ill p�oduc" bu� �im" i� no� -i�"d �"�/

 � p�obl"m i� c�ll"d � d"ci�ion p�obl"m i- i�� ou�pu� i� � �impl" I�"�I o� InoI 

(o� �ou m�� n""d �hi� o- �hi� �� ��u"J-�l�", 7J6, �cc"p�J�">"c�/  W" 0ill ph���" m�n� op�imi4��ion p�obl"m� �� 

d"ci�ion p�obl"m�/ Fo� "��mpl", G�""d� m"�hod, D/�/, gi'"n � g��ph G5 (,, +  i- �h"�" "�i��� �n� H�mil�oni�n c�cl"/

H"�" �ou �o ���i�-� �h" -ollo0ing poin�� �o com" in�o �h" di'i�ion o- ��

(- 0" c�n �ol'" �hi� p�obl"m in pol�nomi�l �im", �h"n 0" c�n �ol'" �ll �� p�obl"m� in pol�nomi�l �im"

u con'"�� �h" i��u" in�o on" -o�m �o �no�h"� -o�m 0i�hin �h" pol�nomi�l �im"

� p�obl"m i� in ��-compl"�", i- 

+ictorial representation of all N+ classes !hich incl&%es N+, N+-har%, an% N+-complete

compl"�" p�obl"m�, i� i� "��"n�i�l �o in��oduc" �h" no�ion o- � '"�i-ic��ion 

��n� p�obl"m� ��" h��d �o �ol'", bu� �h"� h�'" �h" p�op"��� �h�� i� "��� �o �u�h"n�ic��" �h" �olu�ion i- on" i� 

Con�id"� �h" H�mil�oni�n c�cl" p�obl"m/ Gi'"n �n undi�"c�"d g��ph G, do"� G h�'" � c�cl" �h�� 'i�i�� "�ch '"��"� 

"��c�l� onc"1 Th"�" i� no $no0n pol�nomi�l �im" �lgo�i�hm -o� �hi� di�pu�"/ 

b��"d p�obl"m� c�m" in�o �h" di'i�ion o- �� ��obl"m� 0ho 

polynomial time/ �� cl��� con��in� 

b��"d p�obl"m� com" in�o �h" di'i�ion o- � ��obl"m� 0ho c�n b" 

(- 0" p�oduc" �n ou�pu� �cco�ding �o �h" gi'"n inpu� 0i�hin � �p"ci-ic �moun� o- 

(- 0" p�oduc" �n ou�pu� �cco�ding �o �h" gi'"n inpu� bu� �h"�" ��" no �im" 

�ol�nomi�l �im"/ =u� �"� ou�pu� 0ill p�oduc" bu� �im" i� no� -i�"d �"�/ 

� c�ll"d � d"ci�ion p�obl"m i- i�� ou�pu� i� � �impl" I�"�I o� InoI 

(o� �ou m�� n""d �hi� o- �hi� �� ��u"J-�l�", 7J6, �cc"p�J�">"c�/  W" 0ill ph���" m�n� op�imi4��ion p�obl"m� �� 

i- �h"�" "�i��� �n� H�mil�oni�n c�cl"/ 

H"�" �ou �o ���i�-� �h" -ollo0ing poin�� �o com" in�o �h" di'i�ion o- ��-h��d 

(- 0" c�n �ol'" �hi� p�obl"m in pol�nomi�l �im", �h"n 0" c�n �ol'" �ll �� p�obl"m� in pol�nomi�l �im" 

u con'"�� �h" i��u" in�o on" -o�m �o �no�h"� -o�m 0i�hin �h" pol�nomi�l �im" 

complete 

 

compl"�" p�obl"m�, i� i� "��"n�i�l �o in��oduc" �h" no�ion o- � '"�i-ic��ion 

o �u�h"n�ic��" �h" �olu�ion i- on" i� 

Con�id"� �h" H�mil�oni�n c�cl" p�obl"m/ Gi'"n �n undi�"c�"d g��ph G, do"� G h�'" � c�cl" �h�� 'i�i�� "�ch '"��"� 



 

 

  \i": Ramiltonian 6ycle 

L"� u� und"����nd �h�� � g��ph did h�'" � H�mil�oni�n c�cl"/ (� 0ould b" "��� -o� �om"on" �o con'inc" o- �hi�/ Th"� 

0ould �imil��l� ���H I�h" p"�iod i� h'B, '[, '6////'6Bi/

 

W" could �h"n in�p"c� �h" g��ph �nd ch"c$ �h��

g��ph "��c�l� onc"/ Thu�, "'"n �hough 0" $no0 o- no "--ici"n� 0�� �o �ol'" �h" H�mil�oni�n c�cl" p�obl"m, �h"�" i� 

� b"n"-ici�l 0�� �o '"�i-� �h�� � gi'"n c�cl" i� ind""d � H�mil�o

 

Definition of 6ertificate: - � pi"c" o- in-o�m��ion 0hich con��in� in �h" gi'"n p��h o- � '"��"� i� $no0n �� c"��i-ic��"

9"l��ion o- � �nd �� cl���"� 

6/ � con��in� in �� 

</ �5�� 

6/ 8b�"�'" �h�� � con��in� in ��/ (n o�h"� 0o�d�, i- 0" c�n �ol'" � p�obl"

'"�i-� �h" �olu�ion in pol�nomi�l �im"/ �o�" -o�m�ll�, 0" do no� n""d �o �"" � c"��i-ic��" (�h"�" i� no n""d 

�o �p"ci-� �h" '"��"�Jin�"�m"di��" o- �h" �p"ci-ic p��h  �o �ol'" �h" p�obl"m; 0" c�n "�pl�in i� in pol�nomi�l 

�im" �n�0��/ 

</ Ho0"'"�, i� i� no� $no0n 0h"�h"� � 5 ��/ (� �""m� �ou c�n '"�i-� �nd p�oduc" �n ou�pu� o- �h" �"� o- 

d"ci�ion-b��"d p�obl"m� in �� cl���"� in � pol�nomi�l �im" 0hich i� impo��ibl" b"c�u�" �cco�ding �o �h" 

d"-ini�ion o- �� cl���"� �ou c�n '"�i-

h"ld/ 

 

Xe%&ctions: 

Th" cl��� ��-compl"�" (��C  p�obl"m� con�i�� o- � �"� o- d"ci�ion p�obl"m� (� �ub�"� o- cl��� ��  �h�� no on" $no0� 

ho0 �o �ol'" "--ici"n�l�/ =u� i- �h"�" 0"�" � po

p�obl"m in ��C 0ill b" �ol'�bl" in pol�nomi�l �im"/ Fo� �hi�, 0" n""d �h" conc"p� o- �"duc�ion�/

�uppo�" �h"�" ��" �0o p�obl"m�, � �nd =/ fou $no0 �h�� i� i� impo��ibl" �o �ol'" p�obl"m � in pol�nomi�l �im"/ fou 

0�n� �o p�o'" �h�� = c�nno� b" "�pl�in"d in pol�nomi�l �im"/ W" 0�n� �o �ho0 �h�� (� 

Con�id"� �n "��mpl" �o illu�����" �"duc�ionH Th" -ollo0ing p�

 

,-color: Gi'"n � g��ph G, c�n "�ch o- i�� '"��ic"� b" l�b"l"d 0i�h on" o- B di--"�"n� colo�� �uch �h�� �0o �d>�c"n� 

'"��ic"� do no� h�'" �h" ��m" l�b"l (colo� /

Colo�ing ��i�"� in '��iou� p���i�ioning i��u"� 0h"�" �h"�" i� �

��m" �"� o- p���i�ion�/ Th" ph���" Icolo�ingI com"� -�om �h" o�igin�l �pplic��ion 0hich 0�� in m�p d��0ing/ T0o 

coun��i"� �h�� con��ibu�" � common bo�d"� �hould b" colo�"d 0i�h di--"�"n� colo��/

(� i� 0"ll $no0n �h�� pl�n�� g��ph� c�n b" colo�"d (m�p�  0i�h -ou� colo��/ Th"�" "�i��� � pol�nomi�l �im" �lgo�i�hm 

-o� �hi�/ =u� d"ciding 0h"�h"� �hi� c�n b" don" 0i�h B colo�� i� h��d, �nd �h"�" i� no pol�nomi�l �im" �lgo�i�hm -o� i�/

 
 

L"� u� und"����nd �h�� � g��ph did h�'" � H�mil�oni�n c�cl"/ (� 0ould b" "��� -o� �om"on" �o con'inc" o- �hi�/ Th"� 

0ould �imil��l� ���H I�h" p"�iod i� h'B, '[, '6////'6Bi/ 

W" could �h"n in�p"c� �h" g��ph �nd ch"c$ �h�� �hi� i� ind""d � l"g�l c�cl" �nd �h�� i� 'i�i�� �ll o- �h" '"��ic"� o- �h" 

g��ph "��c�l� onc"/ Thu�, "'"n �hough 0" $no0 o- no "--ici"n� 0�� �o �ol'" �h" H�mil�oni�n c�cl" p�obl"m, �h"�" i� 

� b"n"-ici�l 0�� �o '"�i-� �h�� � gi'"n c�cl" i� ind""d � H�mil�oni�n c�cl"/ 

� pi"c" o- in-o�m��ion 0hich con��in� in �h" gi'"n p��h o- � '"��"� i� $no0n �� c"��i-ic��"

8b�"�'" �h�� � con��in� in ��/ (n o�h"� 0o�d�, i- 0" c�n �ol'" � p�obl"m in pol�nomi�l �im", 0" c�n ind""d 

'"�i-� �h" �olu�ion in pol�nomi�l �im"/ �o�" -o�m�ll�, 0" do no� n""d �o �"" � c"��i-ic��" (�h"�" i� no n""d 

�o �p"ci-� �h" '"��"�Jin�"�m"di��" o- �h" �p"ci-ic p��h  �o �ol'" �h" p�obl"m; 0" c�n "�pl�in i� in pol�nomi�l 

Ho0"'"�, i� i� no� $no0n 0h"�h"� � 5 ��/ (� �""m� �ou c�n '"�i-� �nd p�oduc" �n ou�pu� o- �h" �"� o- 

b��"d p�obl"m� in �� cl���"� in � pol�nomi�l �im" 0hich i� impo��ibl" b"c�u�" �cco�ding �o �h" 

d"-ini�ion o- �� cl���"� �ou c�n '"�i-� �h" �olu�ion 0i�hin �h" pol�nomi�l �im"/ �o �hi� �"l��ion c�n n"'"� b" 

compl"�" (��C  p�obl"m� con�i�� o- � �"� o- d"ci�ion p�obl"m� (� �ub�"� o- cl��� ��  �h�� no on" $no0� 

ho0 �o �ol'" "--ici"n�l�/ =u� i- �h"�" 0"�" � pol�nomi�l �olu�ion -o� "'"n � �ingl" ��-compl"�" p�obl"m, �h"n "'"�� 

p�obl"m in ��C 0ill b" �ol'�bl" in pol�nomi�l �im"/ Fo� �hi�, 0" n""d �h" conc"p� o- �"duc�ion�/

p�obl"m�, � �nd =/ fou $no0 �h�� i� i� impo��ibl" �o �ol'" p�obl"m � in pol�nomi�l �im"/ fou 

0�n� �o p�o'" �h�� = c�nno� b" "�pl�in"d in pol�nomi�l �im"/ W" 0�n� �o �ho0 �h�� (� ∉

Consider an example to illustrate reduction: The following problem is well-known to be NPC:

Given a graph G, can each of its vertices be labeled with one of 3 different colors such that two adjacent 

vertices do not have the same label (color). 

Coloring arises in various partitioning issues where there is a constraint that two objects cannot be assigned to the 

same set of partitions. The phrase "coloring" comes from the original application which was in map drawing. Two 

countries that contribute a common border should be colored with different colors. 

well known that planar graphs can be colored (maps) with four colors. There exists a polynomial time algorithm 

for this. But deciding whether this can be done with 3 colors is hard, and there is no polynomial time algorithm for it.

Let us understand that a graph did have a Hamiltonian cycle. It would be easy for someone to convince of this. They 

this is indeed a legal cycle and that it visits all of the vertices of the 

graph exactly once. Thus, even though we know of no efficient way to solve the Hamiltonian cycle problem, there is 

A piece of information which contains in the given path of a vertex is known as certificate 

m in polynomial time, we can indeed 

verify the solution in polynomial time. More formally, we do not need to see a certificate (there is no need 

to specify the vertex/intermediate of the specific path) to solve the problem; we can explain it in polynomial 

However, it is not known whether P = NP. It seems you can verify and produce an output of the set of 

based problems in NP classes in a polynomial time which is impossible because according to the 

y the solution within the polynomial time. So this relation can never be 

complete (NPC) problems consist of a set of decision problems (a subset of class NP) that no one knows 

complete problem, then every 

problem in NPC will be solvable in polynomial time. For this, we need the concept of reductions. 

problems, A and B. You know that it is impossible to solve problem A in polynomial time. You 

∉ P) => (B ∉ P) 

known to be NPC: 

Given a graph G, can each of its vertices be labeled with one of 3 different colors such that two adjacent 

constraint that two objects cannot be assigned to the 

same set of partitions. The phrase "coloring" comes from the original application which was in map drawing. Two 

well known that planar graphs can be colored (maps) with four colors. There exists a polynomial time algorithm 

for this. But deciding whether this can be done with 3 colors is hard, and there is no polynomial time algorithm for it. 



 

 

 

\i": E-ample of ,-colora'le an% non-,-colora'le "raphs0

+olynomial :ime Xe%&ction: 

We say that Decision Problem L1 is Polynomial time Reducible to decision Problem L

time computation function f such that of all x, x

 

N+-6ompleteness 

A decision problem L is NP-Hard if 

L' ≤p L for all L' ϵ NP. 

Definition: L is NP-complete if 

1. L ϵ NP and 

2. L' ≤ p L for some known NP-complete problem L.' Given this formal definition, the complexity classes are:

+: is the set of decision problems that are solvable in polynomial time.

N+: is the set of decision problems that can be verified in polynomial time.

N+-Rar%: L is NP-hard if for all L' ϵ NP, L' 

in polynomial time. 

 

N+-6omplete L is NP-complete if 

1. L ϵ NP and 

2. L is NP-hard 

If any NP-complete problem is solvable in polynomial time, then every NP

polynomial time. Conversely, if we can prove that any NP

every NP-Complete problem cannot be solvable in polynomial time.

Reductions 

 

6oncept: - If the solution of NPC problem d

problem within the polynomial time. For this, you need the concept of reduction. If a solution of the one NPC 

problem exists within the polynomial time, then the rest of the problem can 

(but it's hard to believe). For this, you need the concept of reduction.

 

E-ample: - Suppose there are two problems,

polynomial time. You want to prove that B cannot be solved in polynomial time. So you can convert the 

problem A into problem ( in polynomial time.

Example of NP-Complete problem 

N+ pro'lem: - Suppose a DECISION-BASED problem is provided in which a set of inputs/high inputs you can get high 

output. 

 

6riteria to come either in N+-har% or N+

1. The point to be noted here, the output is already given, and you can verify the output/solutio

polynomial time but can't produce an output/solution in polynomial time.

 

colora'le "raphs0 

is Polynomial time Reducible to decision Problem L2 (L1≤p

time computation function f such that of all x, xϵL1 if and only if xϵL2. 

mplete problem L.' Given this formal definition, the complexity classes are:

is the set of decision problems that are solvable in polynomial time. 

is the set of decision problems that can be verified in polynomial time. 

NP, L' ≤p L. Thus if we can solve L in polynomial time, we can solve all NP problems 

complete problem is solvable in polynomial time, then every NP-Complete problem is also solvable in 

polynomial time. Conversely, if we can prove that any NP-Complete problem cannot be solved in polynomial time, 

Complete problem cannot be solvable in polynomial time. 

If the solution of NPC problem does not exist then the conversion from one NPC problem to another NPC 

problem within the polynomial time. For this, you need the concept of reduction. If a solution of the one NPC 

problem exists within the polynomial time, then the rest of the problem can also give the solution in polynomial time 

(but it's hard to believe). For this, you need the concept of reduction. 

Suppose there are two problems, A and (. You know that it is impossible to solve problem

that B cannot be solved in polynomial time. So you can convert the 

in polynomial time. 

BASED problem is provided in which a set of inputs/high inputs you can get high 

har% or N+-complete0 

The point to be noted here, the output is already given, and you can verify the output/solutio

polynomial time but can't produce an output/solution in polynomial time. 

≤p L2) if there is a polynomial 

mplete problem L.' Given this formal definition, the complexity classes are: 

≤p L. Thus if we can solve L in polynomial time, we can solve all NP problems 

blem is also solvable in 

Complete problem cannot be solved in polynomial time, 

oes not exist then the conversion from one NPC problem to another NPC 

problem within the polynomial time. For this, you need the concept of reduction. If a solution of the one NPC 

also give the solution in polynomial time 

. You know that it is impossible to solve problem A in 

that B cannot be solved in polynomial time. So you can convert the 

BASED problem is provided in which a set of inputs/high inputs you can get high 

The point to be noted here, the output is already given, and you can verify the output/solution within the 



 

 

2. Here we need the concept of reduction because when you can't produce an output of the problem according 

to the given input then in case you have to use an emphasis on the

convert one problem into another problem.

So according to the given decision-based NP problem, you can decide in the form of yes or no. If, yes 

then you have to do verify and convert into another problem via reduction
performed, both then decision-based NP problems are in NP compete.

Here we will emphasize NPC. 

6IX6UI: 9A: 

According to given decision-b��"d �� p�obl"m, �ou c�n d"�ign �h" C(9C)(T �nd '"�i-� � gi'"n m"n�ion"d ou�pu� �l�o 

0i�hin �h" � �im"/ Th" C(9C)(T i� p�o'id"d b"lo0H

 

9A: 19atisfia'ility2:- 

� =ool"�n -unc�ion i� ��id �o b" ��T i- �h" ou�pu� -o� �h" gi'"n '�lu" o- �h" inpu� i� ��u"JhighJ6

F5eFfg (C�"��"d � =ool"�n -unc�ion b� C(9C)(T ��T 

:hese points yo& ha e to 'e performe% for N+6

6/ C8�C+�T� 8F ��T 

</ C(9C)(T ��TVρ ��T 

B/ ��TVρ C(9C)(T ��T 

_/ ��T ϵ ��C 

6/ 6ON6E+:: - � =ool"�n -unc�ion i� ��id �o b" ��T i- �h" ou�pu� -o� �h" gi'"n '�lu" o- �h" inpu� i� ��u"JhighJ6/

</ 6IX6UI: 9A:?m 9A:: - (n �hi� con'"��ion, �ou h�'" �o con'"�� C(9C)(T ��T in�o ��T 0i�hin �h" pol�nomi�l 

�im" �� 0" did i� 

B/ 9A:?m 6IX6UI: 9A:: - Fo� �h" ��$" o- '"�

0i�hin �h" pol�nomi�l �im", �nd �h�ough �h" C(9C)(T ��T �ou c�n g"� �h" '"�i-ic��ion o- �n ou�pu� 

�ucc"��-ull� 

_/ 9A: n N+6: - �� �ou $no0 '"�� 0"ll, �ou c�n g"� �h" ��T �h�ough C(9C)(T ��T �h�� 

 

+roof of N+6: - 9"duc�ion h�� b""n �ucc"��-ull� m�d" 0i�hin �h" pol�nomi�l �im" -�om C(9C)(T ��T T8 ��T/ 8u�pu� 

h�� �l�o b""n '"�i-i"d 0i�hin �h" pol�nomi�l �im" �� �ou did in �h" �bo'" con'"����ion/

�o conclud"d �h�� ��T ϵ ��C/ 

 

BC�F ��T 

6onceptH - (n BC�F ��T, �ou h�'" �� l"��� B cl�u�"�, �nd in cl�u�"�, �ou 0ill h�'" �lmo�� B li�"��l� o� con���n��

H"�" 0" n""d �h" conc"p� o- �"duc�ion b"c�u�" 0h"n �ou c�nO� p�oduc" �n ou�pu� o- �h" p�obl"m �cco�ding 

�o �h" gi'"n inpu� �h"n in c��" �ou h�'" �o u�" �n "mph��i� on �h" conc"p� o- �"duc�ion in 0hich �ou c�n 

con'"�� on" p�obl"m in�o �no�h"� p�obl"m/ 

based NP problem, you can decide in the form of yes or no. If, yes 

then you have to do verify and convert into another problem via reduction concept. If you are being 
based NP problems are in NP compete. 

b��"d �� p�obl"m, �ou c�n d"�ign �h" C(9C)(T �nd '"�i-� � gi'"n m"n�ion"d ou�pu� �l�o 

0i�hin �h" � �im"/ Th" C(9C)(T i� p�o'id"d b"lo0H- 

 

� =ool"�n -unc�ion i� ��id �o b" ��T i- �h" ou�pu� -o� �h" gi'"n '�lu" o- �h" inpu� i� ��u"JhighJ6

F5eFfg (C�"��"d � =ool"�n -unc�ion b� C(9C)(T ��T  

:hese points yo& ha e to 'e performe% for N+6 

"�n -unc�ion i� ��id �o b" ��T i- �h" ou�pu� -o� �h" gi'"n '�lu" o- �h" inpu� i� ��u"JhighJ6/

(n �hi� con'"��ion, �ou h�'" �o con'"�� C(9C)(T ��T in�o ��T 0i�hin �h" pol�nomi�l 

Fo� �h" ��$" o- '"�i-ic��ion o- �n ou�pu� �ou h�'" �o con'"�� ��T in�o C(9C)(T ��T 

0i�hin �h" pol�nomi�l �im", �nd �h�ough �h" C(9C)(T ��T �ou c�n g"� �h" '"�i-ic��ion o- �n ou�pu� 

�� �ou $no0 '"�� 0"ll, �ou c�n g"� �h" ��T �h�ough C(9C)(T ��T �h�� 

9"duc�ion h�� b""n �ucc"��-ull� m�d" 0i�hin �h" pol�nomi�l �im" -�om C(9C)(T ��T T8 ��T/ 8u�pu� 

h�� �l�o b""n '"�i-i"d 0i�hin �h" pol�nomi�l �im" �� �ou did in �h" �bo'" con'"����ion/ 

(n BC�F ��T, �ou h�'" �� l"��� B cl�u�"�, �nd in cl�u�"�, �ou 0ill h�'" �lmo�� B li�"��l� o� con���n��

H"�" 0" n""d �h" conc"p� o- �"duc�ion b"c�u�" 0h"n �ou c�nO� p�oduc" �n ou�pu� o- �h" p�obl"m �cco�ding 

conc"p� o- �"duc�ion in 0hich �ou c�n 

based NP problem, you can decide in the form of yes or no. If, yes 

concept. If you are being 

 

b��"d �� p�obl"m, �ou c�n d"�ign �h" C(9C)(T �nd '"�i-� � gi'"n m"n�ion"d ou�pu� �l�o 

� =ool"�n -unc�ion i� ��id �o b" ��T i- �h" ou�pu� -o� �h" gi'"n '�lu" o- �h" inpu� i� ��u"JhighJ6 

"�n -unc�ion i� ��id �o b" ��T i- �h" ou�pu� -o� �h" gi'"n '�lu" o- �h" inpu� i� ��u"JhighJ6/ 

(n �hi� con'"��ion, �ou h�'" �o con'"�� C(9C)(T ��T in�o ��T 0i�hin �h" pol�nomi�l 

i-ic��ion o- �n ou�pu� �ou h�'" �o con'"�� ��T in�o C(9C)(T ��T 

0i�hin �h" pol�nomi�l �im", �nd �h�ough �h" C(9C)(T ��T �ou c�n g"� �h" '"�i-ic��ion o- �n ou�pu� 

�� �ou $no0 '"�� 0"ll, �ou c�n g"� �h" ��T �h�ough C(9C)(T ��T �h�� com"� -�om ��/ 

9"duc�ion h�� b""n �ucc"��-ull� m�d" 0i�hin �h" pol�nomi�l �im" -�om C(9C)(T ��T T8 ��T/ 8u�pu� 

 

(n BC�F ��T, �ou h�'" �� l"��� B cl�u�"�, �nd in cl�u�"�, �ou 0ill h�'" �lmo�� B li�"��l� o� con���n�� 



 

 

9&ch as 1YGZG[2 1YGZG[2 1YGZG[2 

Zo& can %efine as (e'f'g  ᶺ (e'f'g  ᶺ (e'f'g  

,589 op"���o� 

L 5��D op"���o� 

Th"�" �ll �h" -ollo0ing poin�� n""d �o b" con�id"�"d in BC�F ��T/ 

 

:o pro e: - 

6/ Conc"p� o- BC�F ��T 

</ ��TVρ BC�F ��T 

B/ BC�FVρ ��T 

_/ BC�F ϵ ��C 

6/ 6ON6E+:: - (n BC�F ��T, �ou h�'" �� l"��� B cl�u�"�, �nd in cl�u�"�, �ou 0ill h�'" �lmo�� B li�"��l� o� 

con���n��/ 

</ 9A: ?m ,6N\ 9A::- (n 0hich -i���l� �ou n""d �o con'"�� � =ool"�n -unc�ion c�"��"d in ��T in�o BC�F "i�h"� in 

�8� o� �8� -o�m 0i�hin �h" pol�nomi�l �im" 

     F5eFfg 

        5 (eFf  (eFg  

       5 (eFfFggO  (eFffOFg  

       5 (eFfFg  (eFfFgO  (eFfFg  (eFfOFg  

       5 (eFfFg  (eFfFgO  (eFfOFg  

B/ ,6N\ ?p 9A:: - F�om �h" =ool"�n Func�ion h�'ing �h�"" li�"��l� 0" c�n �"duc" �h" 0hol" -unc�ion in�o � 

�ho��"� on"/ 

     F5 (eFfFg  (eFfFgO  (eFfOFg  

       5 (eFfFg  (eFfFgO  (eFfFg  (eFfOFg  

       5 (eFfFggO  (eFffOFg  

       5 (eFf  (eFg  

       5 eFfg 

_/ ,6N\ n N+6: - �� �ou $no0 '"�� 0"ll, �ou c�n g"� �h" BC�F �h�ough ��T �nd ��T �h�ough C(9C)(T ��T �h�� 

com"� -�om ��/ 

 

+roof of N+6:- 

6/ (� �ho0� �h�� �ou c�n "��il� con'"�� � =ool"�n -unc�ion o- ��T in�o BC�F ��T �nd ���i�-i"d �h" conc"p� o- 

BC�F ��T �l�o 0i�hin pol�nomi�l �im" �h�ough 9"duc�ion conc"p�/ 

</ (- �ou 0�n� �o '"�i-� �h" ou�pu� in BC�F ��T �h"n p"�-o�m �h" 9"duc�ion �nd con'"�� in�o ��T �nd C(9C)(T 

�l�o �o ch"c$ �h" ou�pu� 

(- �ou c�n �chi"'" �h"�" �0o poin�� �h�� m"�n� BC�F ��T �l�o in ��C 

 

6liU&e 

:o +ro e: - Cli?u" i� �n ��C o� no�1 

Fo� �hi� �ou h�'" �o ���i�-� �h" -ollo0ing b"lo0-m"n�ion"d poin��H - 

6/ Cli?u" 

</ BC�F Vρ Cli?u" 

B/ Cli?u" Vρ BC�FV��T 

_/ Cli?u" ϵ �� 

6  Cli?u" 

Definition: - (n Cli?u", "'"�� '"��"� i� di�"c�l� conn"c�"d �o �no�h"� '"��"�, �nd �h" numb"� o- '"��ic"� in �h" Cli?u" 

�"p�"�"n�� �h" �i4" o- Cli?u"/ 

 

6LIkUE 6OVEX: - Gi'"n � g��ph G �nd �n in�"g"� $, c�n 0" -ind $ �ub�"�� o- '"��ic"�,6, ,<///,#, �uch �h�� )i,i 5 ,, �nd 

�h�� "�ch ,i i� � cli?u" o- G/ 

:he follo!in" fi"&re sho!s a "raph that has a cliU&e co er of si)e ,0 



 

 

 

< BC�F Vρ Cli?u" 

+roof:-Fo� �h" �ucc"��-ul con'"��ion -�om BC�F �o Cli?u", �ou h�'" �o -ollo0 �h" �0o ��"p�H

D��0 �h" cl�u�" in �h" -o�m o- '"��ic"�, �nd "�ch '"��"� �"p�"�"n�� �h" li�"��l� o- �h" cl�u�"�/

6/ Th"� do no� compl"m"n� "�ch o�h"�

</ Th"� donO� b"long �o �h" ��m" cl�u�"

(n �h" con'"��ion, �h" �i4" o- �h" Cli?u" �nd �i4" o- BC�F mu�� b" �h" ��m", �nd �ou �ucc"��-ull� con'"��"d 

BC�F in�o Cli?u" 0i�hin �h" pol�nomi�l �im"

 

6liU&e ?m ,6N\ 

+roof: - �� �ou $no0 �h�� � -unc�ion o- # cl�u�", �h"�" mu�� "�i�� � Cli?u" o- �i4" $/ (� m"�n� �h�� � '��i�bl"� 0hich 

��" -�om �h" di--"�"n� cl�u�"� c�n ���ign �h" ��m" '�lu" (��� i� i� 6 / =� u�ing �h"�" '�lu"� o- �ll �h" '��i�bl"� o- �h" 

CL(G)+�, �ou c�n m�$" �h" '�lu" o- "�ch cl�u�" in �h" -unc�ion i� "?u�l �o 6

 

E-ample: - fou h�'" � =ool"�n -unc�ion in BC�FH

(eFfFg  (eFfFgO  (eFfOFg  

�-�"� 9"duc�ionJCon'"��ion -�om BC�F �o CL(G)+, �ou 0ill g"� � '��i�bl"� �uch ��H 

�u� �h" '�lu" o- � '��i�bl"� in "?u��ion (i 

(6F6F7 (6F7F7 (6F7F6  

(6 (6 (6 56 ou�pu� '"�i-i"d 

_  Cli?u" ϵ ��H- 

 

+roof: - �� �ou $no0 '"�� 0"ll, �ou c�n g"� �h" Cli?u" �h�ough BC�F �nd �o con'"�� �h" d"ci�ion

in�o BC�F �ou h�'" �o -i��� con'"�� in�o ��T �nd ��T com"� -�

�o, conclud"d �h�� CL(G)+ b"long� �o ��/

 

+roof of N+6:- 

6/ 9"duc�ion �chi"'"d 0i�hin �h" pol�nomi�l �im" -�om BC�F �o Cli?u"

</ �nd '"�i-i"d �h" ou�pu� �-�"� 9"duc�ion -�om Cli?u" To BC�F �bo'"

�o, conclud"d �h��, i- bo�h 9"duc�ion �nd '"�i-ic��ion c�n b"

m"�n� 6liU&e also in N+6/ 

 

Verte- 6o er 

6/ ,"��"� Co'"� D"-ini�ion 

</ ,"��"� Co'"� Vρ Cli?u" 

B/ Cli?u" Vρ ,"��"� Co'"� 

_/ ,"��"� Co'"� ϵ �� 

 

52 Verte- 6o er: 

Definition: - (� �"p�"�"n�� � �"� o- '"��"� o� nod" in � g��ph G (,, + , 0hich gi'"� �h" conn"c�i'i�� o- � compl"�" g��ph

�cco�ding �o �h" g��ph G o- '"��"� co'"� 

 

Fo� �h" �ucc"��-ul con'"��ion -�om BC�F �o Cli?u", �ou h�'" �o -ollo0 �h" �0o ��"p�H

D��0 �h" cl�u�" in �h" -o�m o- '"��ic"�, �nd "�ch '"��"� �"p�"�"n�� �h" li�"��l� o- �h" cl�u�"�/

Th"� do no� compl"m"n� "�ch o�h"� 

Th"� donO� b"long �o �h" ��m" cl�u�" 

(n �h" con'"��ion, �h" �i4" o- �h" Cli?u" �nd �i4" o- BC�F mu�� b" �h" ��m", �nd �ou �ucc"��-ull� con'"��"d 

BC�F in�o Cli?u" 0i�hin �h" pol�nomi�l �im" 

o0 �h�� � -unc�ion o- # cl�u�", �h"�" mu�� "�i�� � Cli?u" o- �i4" $/ (� m"�n� �h�� � '��i�bl"� 0hich 

��" -�om �h" di--"�"n� cl�u�"� c�n ���ign �h" ��m" '�lu" (��� i� i� 6 / =� u�ing �h"�" '�lu"� o- �ll �h" '��i�bl"� o- �h" 

- "�ch cl�u�" in �h" -unc�ion i� "?u�l �o 6 

fou h�'" � =ool"�n -unc�ion in BC�FH- 

�-�"� 9"duc�ionJCon'"��ion -�om BC�F �o CL(G)+, �ou 0ill g"� � '��i�bl"� �uch ��H - � F�56, � F456 �nd �56

n "?u��ion (i  

�� �ou $no0 '"�� 0"ll, �ou c�n g"� �h" Cli?u" �h�ough BC�F �nd �o con'"�� �h" d"ci�ion

in�o BC�F �ou h�'" �o -i��� con'"�� in�o ��T �nd ��T com"� -�om ��/ 

�o, conclud"d �h�� CL(G)+ b"long� �o ��/ 

9"duc�ion �chi"'"d 0i�hin �h" pol�nomi�l �im" -�om BC�F �o Cli?u" 

�nd '"�i-i"d �h" ou�pu� �-�"� 9"duc�ion -�om Cli?u" To BC�F �bo'" 

�o, conclud"d �h��, i- bo�h 9"duc�ion �nd '"�i-ic��ion c�n b" don" 0i�hin �h" pol�nomi�l �im" �h�� 

(� �"p�"�"n�� � �"� o- '"��"� o� nod" in � g��ph G (,, + , 0hich gi'"� �h" conn"c�i'i�� o- � compl"�" g��ph

�cco�ding �o �h" g��ph G o- '"��"� co'"� 0hich �ou h�'" c�"��"d, the si)e of Verte- 6o er 3I

Fo� �h" �ucc"��-ul con'"��ion -�om BC�F �o Cli?u", �ou h�'" �o -ollo0 �h" �0o ��"p�H- 

D��0 �h" cl�u�" in �h" -o�m o- '"��ic"�, �nd "�ch '"��"� �"p�"�"n�� �h" li�"��l� o- �h" cl�u�"�/ 

(n �h" con'"��ion, �h" �i4" o- �h" Cli?u" �nd �i4" o- BC�F mu�� b" �h" ��m", �nd �ou �ucc"��-ull� con'"��"d 

o0 �h�� � -unc�ion o- # cl�u�", �h"�" mu�� "�i�� � Cli?u" o- �i4" $/ (� m"�n� �h�� � '��i�bl"� 0hich 

��" -�om �h" di--"�"n� cl�u�"� c�n ���ign �h" ��m" '�lu" (��� i� i� 6 / =� u�ing �h"�" '�lu"� o- �ll �h" '��i�bl"� o- �h" 

� F�56, � F456 �nd �56 

�� �ou $no0 '"�� 0"ll, �ou c�n g"� �h" Cli?u" �h�ough BC�F �nd �o con'"�� �h" d"ci�ion-b��"d �� p�obl"m 

don" 0i�hin �h" pol�nomi�l �im" �h�� 

(� �"p�"�"n�� � �"� o- '"��"� o� nod" in � g��ph G (,, + , 0hich gi'"� �h" conn"c�i'i�� o- � compl"�" g��ph 

the si)e of Verte- 6o er 3I 



 

 

 
I2 Verte- 6o er ?m 6liU&e 

(n � g��ph G o- ,"��"� Co'"�, �ou h�'" � '"��ic"� 0hich con��in � ,"��"� Co'"� #/ Th"�" mu�� "�i�� o- Cli?u" �i4" o- 

�i4" �-# in i�� compl"m"n�/ 

 

Accor%in" to the "raph G, yo& ha e 

N&m'er of  ertices3K 

9i)e of 6liU&e3N-g3J 

fou c�n �l�o c�"��" �h" Cli?u" b� complim"n�ing �h" g��ph G o- ,"��"� Co'"� m"�n� in �impl"� -o�m conn"c� �h" 

'"��ic"� in ,"��"� Co'"� g��ph G �h�ough "dg"� 0h"�" "dg"� don1� "�i�� �nd �"mo'" �ll �h" "�i��"d "dg"�

fou 0ill g"� �h" g��ph G 0i�h Cli?u" �i4"5_

,2 6liU&e ?m Verte- 6o er 

H"�" �h�ough �h" 9"duc�ion p�oc"��, �ou c�n g"� �h" ,"��"� Co'"� -o�m Cli?u" b� >u�� complim"n�ing �h" Cli?u" 

g��ph G 0i�hin �h" pol�nomi�l �im"/ 

J2 Verte- 6o er n N+ 

�� �ou $no0 '"�� 0"ll, �ou c�n g"� �h" ,"��"� Co'"� �h�ough Cli?u" �nd �

in�o Cli?u" -i���l� �ou h�'" �o con'"�� in�o BC�F �nd BC�F in�o ��T �nd ��T in�o C(9C)(T ��T �h�� com"� -�om ��/

+roof of N+6:- 

6/ 9"duc�ion -�om Cli?u" �o ,"��"� Co'"� h�� b""n m�d" 0i�hin �h" pol�nomi�l �im"/ (n �h" �impl"� -o�m, �ou 

c�n con'"�� in�o ,"��"� Co'"� -�om Cli?u" 0i�hin �h" pol�nomi�l �im"

</ �nd '"�i-ic��ion h�� �l�o b""n don" 0h"n �ou con'"�� ,"��"� Co'"� �o Cli?u" �nd Cl

���i�-�J'"�i-i"d �h" ou�pu� 0i�hin � pol�nomi�l �im" �l�o, �o i� conclud"d �h�� 9"duc�ion �nd ,"�i-ic��ion h�d 

b""n don" in �h" pol�nomi�l �im" �h�� m"�n�

 

9&'set 6o er 

:o +ro e:- 

6/ �ub�"� Co'"� 

</ ,"��"� Co'"� Vρ �ub�"� Co'"� 

B/ �ub�"� Co'"�Vρ ,"��"� Co'"� 

_/ �ub�"� Co'"� ϵ �� 

6  �ub�"� Co'"� 

Definition: - �umb"� o- � �ub�"� o- "dg"� �-�"� m�$ing �h" union -o� � g"� �ll �h" "dg

�h�� i� c�ll"d �ub�"� Co'"�/ 

Accor%in" to the "raph G, !hich yo& ha e create% the si)e of 9&'set 6o er3I

 

 

(n � g��ph G o- ,"��"� Co'"�, �ou h�'" � '"��ic"� 0hich con��in � ,"��"� Co'"� #/ Th"�" mu�� "�i�� o- Cli?u" �i4" o- 

o c�"��" �h" Cli?u" b� complim"n�ing �h" g��ph G o- ,"��"� Co'"� m"�n� in �impl"� -o�m conn"c� �h" 

'"��ic"� in ,"��"� Co'"� g��ph G �h�ough "dg"� 0h"�" "dg"� don1� "�i�� �nd �"mo'" �ll �h" "�i��"d "dg"�

fou 0ill g"� �h" g��ph G 0i�h Cli?u" �i4"5_ 

H"�" �h�ough �h" 9"duc�ion p�oc"��, �ou c�n g"� �h" ,"��"� Co'"� -o�m Cli?u" b� >u�� complim"n�ing �h" Cli?u" 

�� �ou $no0 '"�� 0"ll, �ou c�n g"� �h" ,"��"� Co'"� �h�ough Cli?u" �nd �o con'"�� �h" d"ci�ion

in�o Cli?u" -i���l� �ou h�'" �o con'"�� in�o BC�F �nd BC�F in�o ��T �nd ��T in�o C(9C)(T ��T �h�� com"� -�om ��/

9"duc�ion -�om Cli?u" �o ,"��"� Co'"� h�� b""n m�d" 0i�hin �h" pol�nomi�l �im"/ (n �h" �impl"� -o�m, �ou 

c�n con'"�� in�o ,"��"� Co'"� -�om Cli?u" 0i�hin �h" pol�nomi�l �im" 

�nd '"�i-ic��ion h�� �l�o b""n don" 0h"n �ou con'"�� ,"��"� Co'"� �o Cli?u" �nd Cl

���i�-�J'"�i-i"d �h" ou�pu� 0i�hin � pol�nomi�l �im" �l�o, �o i� conclud"d �h�� 9"duc�ion �nd ,"�i-ic��ion h�d 

b""n don" in �h" pol�nomi�l �im" �h�� m"�n� Verte- 6o er also comes in N+6 

�umb"� o- � �ub�"� o- "dg"� �-�"� m�$ing �h" union -o� � g"� �ll �h" "dg"� o- �h" compl"�" g��ph G, �nd 

Accor%in" to the "raph G, !hich yo& ha e create% the si)e of 9&'set 6o er3I 

(n � g��ph G o- ,"��"� Co'"�, �ou h�'" � '"��ic"� 0hich con��in � ,"��"� Co'"� #/ Th"�" mu�� "�i�� o- Cli?u" �i4" o- 

o c�"��" �h" Cli?u" b� complim"n�ing �h" g��ph G o- ,"��"� Co'"� m"�n� in �impl"� -o�m conn"c� �h" 

'"��ic"� in ,"��"� Co'"� g��ph G �h�ough "dg"� 0h"�" "dg"� don1� "�i�� �nd �"mo'" �ll �h" "�i��"d "dg"� 

H"�" �h�ough �h" 9"duc�ion p�oc"��, �ou c�n g"� �h" ,"��"� Co'"� -o�m Cli?u" b� >u�� complim"n�ing �h" Cli?u" 

o con'"�� �h" d"ci�ion-b��"d �� p�obl"m 

in�o Cli?u" -i���l� �ou h�'" �o con'"�� in�o BC�F �nd BC�F in�o ��T �nd ��T in�o C(9C)(T ��T �h�� com"� -�om ��/ 

9"duc�ion -�om Cli?u" �o ,"��"� Co'"� h�� b""n m�d" 0i�hin �h" pol�nomi�l �im"/ (n �h" �impl"� -o�m, �ou 

�nd '"�i-ic��ion h�� �l�o b""n don" 0h"n �ou con'"�� ,"��"� Co'"� �o Cli?u" �nd Cli?u" �o BC�F �nd 

���i�-�J'"�i-i"d �h" ou�pu� 0i�hin � pol�nomi�l �im" �l�o, �o i� conclud"d �h�� 9"duc�ion �nd ,"�i-ic��ion h�d 

"� o- �h" compl"�" g��ph G, �nd 



 

 

6/ '6n"6,"Qo     '<n"d,"<o     'Bn"<,"_,"Qo     '_n"6,"B,"do     'dn"_o     'Qn"Bo   

</ 'B)'_5 n"6, "<, "B, "_, "d, "Qo compl"�" �"� o- "dg"� �-�"� �h" union o- '"��ic"�/   

 

I2 Verte- 6o er ?m 9&'set 6o er 

(n � g��ph G o- '"��ic"� �, i- �h"�" "�i��� � ,"��"� Co'"� o- �i4" $, �h"n �h"�" mu�� �l�o "�i�� � �ub�"� Co'"� o- �i4" $ 

"'"n/ (- �ou c�n �chi"'" �-�"� �h" 9"duc�ion -�om ,"��"� Co'"� �o �ub�"� Co'"� 0i�hin � pol�nomi�l �im", 0hich 

m"�n� �ou did �igh�/ 

 

,2 9&'set 6o er ?m Verte- 6o er 

mu�� -o� '"�i-ic��ion o- �h" ou�pu� p"�-o�m �h" 9"duc�ion �nd c�"��" Cli?u" �nd 'i� �n "?u��ion, �-# '"�i-i"� �h" 

Cli?u" �l�o �nd �h�ough Cli?u" �ou c�n ?uic$l� g"n"���" BC�F �nd �-�"� �ol'ing �h" =ool"�n -unc�ion o- BC�F in �h" 

pol�nomi�l �im"/ fou 0ill g"� ou�pu�/ (� m"�n� �h" ou�pu� h�� b""n '"�i-i"d/ 

 

J2 9&'set 6o er n N+:- 

+roof: - �� �ou $no0 '"�� 0"ll, �ou c�n g"� �h" �ub�"�-Co'"� �h�ough ,"��"� Co'"� �nd ,"��"� Co'"� �h�ough Cli?u" 

�nd �o con'"�� �h" d"ci�ion-b��"d �� p�obl"m in�o Cli?u" -i���l� �ou h�'" �o con'"�� in�oBC�F �nd BC�F in�o ��T 

�nd ��T in�o C(9C)(T ��T �h�� com"� -�om ��/ 

+roof of N+6:- 

Th" 9"duc�ion h�� b""n �ucc"��-ull� m�d" 0i�hin �h" pol�nomi�l �im" -o�m ,"��"� Co'"� �o �ub�"� Co'"� 

8u�pu� h�� �l�o b""n '"�i-i"d 0i�hin �h" pol�nomi�l �im" �� �ou did in �h" �bo'" con'"����ion �o, conclud"d 

�h�� 9U(9E: 6OVEX also comes in N+6/ 

 

In%epen%ent 9et: 

�n ind"p"nd"n� �"� o- � g��ph G 5 (,, +  i� � �ub�"� ,O⊆V of vertices such that every edge in E is incident on at most 

one vertex in V.' The independent-set problem is to find a largest-size independent set in G. It is not hard to find 

small independent sets, e.g., a small independent set is an individual node, but it is hard to find large independent 

sets. 

 


